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8 1. Iiit,rodnetion 

Corresponding to tach formal theor!, or logic tie. a language together with its axioms 
and rules of inference) 5 we will define a triangulated space (i.e. a geometrical simplicia1 
complex) F. Indeed F will be the full simplicia1 complex whose vertices are t'he for- 
mulae of 3 uith two vertices being contiguous iff each is immediate from the other 
under the postulates of 8. W't. vill check that the notion of a proof in the formal 
thvory 5 corresponds to that of a pat.11 in thc topological space E'. Thus all the provable 
formulae can be charaeterised a s  the vertices of the component P of F cont'aining t'lie 
axioms ; and. for any prova1)le formula f .  one can think of a proof as a pat'h in P which 
joins it to some axiom y. \\Tit11 this picture in mind it is natural to enquire whether 
two sucll proofs of f arc always lioniotopic to each other? An affirmative answer to 
this question follow if onc can prove that the fundanient'al (or first) homotopy) group 
'7, ( P )  is trivial. \Ve irill prove the more general theorem that infact every component 
of F is acyclic. i n  the sense that a11 its liornotopy groups are trivial. 

In 2.1 to 2.1 11-e will discuss the case wlitm t,lie formal theory is some first order logic. 
Analysing the proofs given here one sees t,hat all the results extend to more general 
formal theories. I n  2.5.2 1j.e give an alternat.ive construction of the topological space. 
And in 2.5.3 n-e point out that t.here are other natural. but more rest,rict,ive, notions 
of "homatopies of proof" under which one is led t.0 the study of t,he homology of some 
su1)compIc~xes (of thi:, topologization) \\-hich arc usually not acyclic. 

ry t)ackgrouud material in  algebraic topology can be found in any text- 
book. e.g. in SP-4NIER [2]. 

4 2. Topologization of fariiial theories 

2.1. FVe consider t'he case when our formal theory is some first order theory or 
loyic. The alphabet consists of 

N A V => 'd 3 ) ( , Ci V j  Prr, 

\\-here the suffices i :  j .  k.  I run over some sets of posit)ive integcrs. Expressions 
p,,(.r, ~ . r 2 .  . . . . x,) .  with each .rl,,. 1 5 m 5 1. equal to some constant ci or else some 
variable 2),. are called cctornic formulaa; starting from these one builds up the set' of 
all well formed formulae 1)y employing the logical symbols in the usual may. A well 
formed formula is c d e d  a for~.zLZa only if it has no free variables; the set of all for- 
niiilae of ;?. will also lie dcnotcd by %. To describe the postulat,es of 5 it will be con- 
venient to let y ( ~ )  denote a well formed formula having u as its sole free variable: 
and if c is a constant, g(c) will denote the formula obtained from it by replacing all 



fret, o ~ ~ i i r ~ t i c e s  of 13 \\it11 c. By i i  svt of a.r.ioiii.; we mean any r(wirsivc. subsct, '3 c 5 
rontaining all taUt(JlogOllS formnliie a s  \wll as all formulac of tht. type (V,c) ~ ( 2 1 )  => 7 ( c )  
mid ~ ( c )  * (321) q (v). Thc r ides  of i ) i f v r w w  u d l  be (i) motlus ponciis {f, f * II; + I/ 
and (ii) the gcncLralization rulrs f 7 ( c )  + f * (Vv) y ( c ) .  y ( r )  * f + (321)  7(v) * 
providing c dors not occur in f nor i n  7 ( u ) .  

2.2. A foixiula f will I)(, called a c o n j i o i c t i o ~  of f l  ~ f ,  . , f k  if i t  is ol)tjaiiied from 
these fortiiulae I)y employing tlip conjunction spii I A I;  - I tiiiits: e.g. 
(f, A ((I2 A f3) A f4)) is a conjunction of f l  . f 2 ,  f 3 ,  f 4 .  \J'P will say t'liat a foriiiula f is 
i/rirr/ediute from a fortnula y if ivc cnii uTite f and 9 as conjunct~ions of f l  . f 2  . . 
wntl y I  . y,, . . . . y, in such a \\-ay that  t ~ ~ c l i  f i  is eit'lirr (i) a n  axiom of ;?. or (ii) 
to sonit: q j  or (iii) a direct ~ o ~ i s ( ~ ~ u t ~ i i c ( ~  under gtvicralixation of a n  axiom or sonic1 y,. 
or (iv) direct, couscqucticc under modns poneas of trim formula(. which arc axioms 
or sonic: y j ' s .  Further t\vo formulat. f and y will IJC said t o  I I P  coiitic/isoiw if each is ini- 
inrdiatc from tlic ot'lutr. 

\Ye \\ill n o v ~  biiild n tria.)iyiilrct~rl topoloyicul s p a c e  1.' a s  follo\\,s. Each forinula f E 5 
is consiclercd a s  a reitex : each pair i f ,  , f,) of contiguous formulae of is conniderrd 

of 11, + 1 pairwise c:ontiguous formulae is considered as  a clostd IL-climensiotial sitnp1t.s 
with vertices f, . f 2 . . . . . f,+ I . 7 ' 1 ~  set theoret'ic niiioti of thcst, siiiiplices is cyuippcd 
with t'lie u,eak topology mitl drnotcd 1)y 1'. 

pariigraplis. 

as a n  cdgr with end points f l  aiid fz . . . . . and more g ( w ~ a l I y  at?\. sct i f I  , f 2 .  . . . . f n i -  I 1 j 

Our olijwt is to  study sonic properties of this topologicd spwc. in tlie fol lo~i i ig  

2.3. \Ye write f t II \ \ l ie i i t~er  t,lirre in R fiiiit'c. scqw'tiw f = f ,  . f 2  , . . . , f ,  = y of 
forriinlnc: of 5 with t ~ i c h  f i .  2 5 i 5 71. cithm a n  asiotn or i~ conse'qiience of 50111t' 

prewding formula(c) u n c l t ~  the rules of infcrence: suc:h a se(1ueiiw is said to l it ,  a proof 
(of  Imgtli I L )  of I/ from f. Formulae f mid 9 are c d ~ l  loyictclly ~ y i i ~ n 1 ~ ) z . t  if f t !/ nnd 
II i- f- 

23.1 .  1'tuo fo r t ) i ( i l ae  of 5 ure corituirierl i ~ i  the su)iic cotiiporrerrt of thr fopologicrrl spcicr F 
if uiid o t i . l y  if thvy u.w logicctlly vqtLivcilciit. 

2 . 3 2 .  Suppose that formulae f .  II are contaiiicc1 in tlw cwinpolic~nt, (inaxinial cot1- 
ntbctcd sul)set) f' of Zq'. \\'e notc that each point f E F lras tht, pat11 c!onllccted opcxt1 
iieifili~)ourliood St(/) givcm I)y taking the unioil of  the int t~iors  of all tllc. simp1ic.t~ 
iiicident tlo f. l'lierc,forc a path compomnt of C' m u s t  be I)oth opt.11 :~nd closed ~ t l d  tlitls 
the \.\-hole of ('. Hmcc one cnn find a continuous mapping @ from tlic unit intc:rval 
10. 1 I into F such t'hxt, O(0) = f and @(1) = (1. Replncing O by a. siiital)le simplicia1 
:ipproxitiiation, we can find R finite sequeinc' f = f l  . . . . . f, = !/ of formulne iu (' 
huch that' twit fi. 1 5 i 5 91 - 1, is contiguous to  f i l l  . 

If h 1 j ( 1 ~ 1  k is i,iwr)rPtdiufc froin j .  fhPn h k k .  

One cnii prove this in a routine inaniier hy using dtfinition 2.2 a11tl the fact tllat 
tlie set' of axionis coiltailis all the t'autologies. Using this Irinnia reppatcdly 011 tjhf. 
nliove scqurnce I.\-(> S(T that, f t y a d  y t f. 

2.3.3. Conversely. since f k y, we can find a proof f = f l  . f ,  , . f ,  = y of y froin f .  
1 Iicn the following sequenct. of conjunctions. ivlierr Xvt' hazvtx onlit,te(l \rriting t,lic. r ,  



parantlicses siticc. their positions are of 110 cotisequeiicr. lias the property that each is 
contiguous to the pr(wc1ing. 

f .  f l  A f ? . .  . .; f ,  A f l  A . .  . A  f,,-, A g :  f ,  A f z  A . .  . A  fn-2  A y . .  . . .  f l  A f z  A g ,  f A g .  

This sho\\-.s tliiit f A y lies in tlic same component. as f .  J,ikewise. froin q 1 f .  we de- 
duce that y A f lies in the same component as y. Since f A g arid g A f are contiguous it, 
follo\vs that f and 

2.3.4. lye will \\.rite 1y if f k q for sonic asioiii f : a11 such formulae y are called the 
pt~mible  forttrrrlcr of 5. (C'onversely note that if f is a n  axiom. then y k f for all for- 
i i iu lac~  y.) TIM. snl)coniplcs of F spanri(id by a11 t'he provable formulae will be denoted 
I)? P :  2.3.1 slio\\.s that P niiglit also be defined a s  the component of F containing the 
axioms;. The clcdrtction lminia al1ou.h us to reforiniilate 2.3.1 as follows : 

are in the same conipom~nt of F. This proves 2.3.1. 

/*'orttcriltrr f .  y of ;7- ( i t 'p i t /  t h e  s( i :n tc  cottrpoiLen.t of F iff f o y i a  a protiable for)tirilu. 

One o1)wrvt.s that tlic siccjdions - f .  -!I of t.u.o contiguous formulae f, q need not. 
he contiguous : it is 1iou.evc.r true that t h  sitbcottrp1r.r - C' spaiin.ec1 by thp izegatioirs of 
r d  fot.ttiItluu of u, cotrcpotwuf of F i.9 itself a coni.poiieiit of 17. This corollary follo\vs a t  
once 011 ol)servirig tliat f o 9 is provalde iff - f o -q is provalile. We recall that, tlie 
f(JrIlli\l theory 5 is called corr.s.i.sterit if the set of provahle formulae is disjoint from 
its nt.g!atioii - '&. (For such thcorics it is easy to cliecli that infact each coinpoiient C' 
i h  tlisjoint frum its negation - C'.) Wlien t'he ttivory is not consistent every formula 
can 1)c. s1ion.n to be provable. 'I'hus ~ ' e  see that the topdogical space F is coti i iected iff 
t h P  f0r)tluI theory 5 is itI('O)l*sistPtlt. 

2.4. .AH!J contit/rtotis tttap front tlrr! 71-sphere s", 7i. 2 1 ,  i7ifo F is homotopically trivial. 

2.4.1. For 1hach finite set 05 c ,z \re ckfinc a subcomplex Gc c F as fo1lon.s: G, is 
spmned 1 1 ) -  the sct Nc of fornmulat. which arc conjunctions of some formulae from (\j. 
lye will prow. that U) I !J  c s i t ~ r p ~ i c k d  itccrp @: h' -+ G,. where A* i s  some trt'aiayzslatioTa of A'", 
)z 2 1 ~ is$ lto)tiofopictrlly/ tr i lqird.  This imp1ic.s 2.4 I)c.cause the siniplicial approximation 
theorem tells us that oiir can find a triangulation R of S" such that there is a sim- 
plicial map h7 ---t E' i n  the sanic. homot,opy class a s  the given map AS"" -+ F. 

2.4.2. X forniula f E 0jc will Iw said to have weight k if k is the least integer such 
that f is a conjunc~tioti (possibly with repetitions) of X. dist'inct formulae from @: note 
that 1 5 k 5 / ( \ $ I .  

( ' as t .  1 .  If cvcLry formul:t @(,t:). 2: a vchrtes of R, is a conjunction (possibly with 
repvtitions) of tlie saine k distinct forniulae from ($5 then obviously the map @: K -+ G, 
is liorriotopic to a constant map. 

can choose a vcrt,t.s Y of K such that, (i) @(v) has least weight k 
and (ii) t h t w  is R vertes w of h' contiguous to '11 such t'liat, @(w) and @(v) are not con- 
jnnhot is  (possibly lvitli repetitions) of tlie same 1: clistinct formulae from @. The 
siniplicial oomplcs K is thc. union of the sul)complcses St(v) and K-St(v); note that 
St(?) is formed ( w e  fig. 1 )  by coning its Immdary Lk(v) (= St(w) n ( K - S t ( v ) ) )  over 2). 

Wc construct a subdivision K' of h: by rrtainitig the su1)coinplex K-St(v) and by sub- 
dividing tlit. suIxomplex St(t:) into (St(v))' as follows. For each vertex (ti E Lk(w) n e  
define a: = midpoint of mi (rcsp. a.: = if @(ai) is not (resp. is) t,he conjunction 

Cast, 1. Otlicr\\isca 

- 

- - 

- - 



(possibly with repetitions) of the same k distiiirt forniulac~ from c$ as  @(v). These 
vertices a,: are iiow used to  construct a complex Lk(u') which is isomorphic to Lk(v) 
under the correspondence a: + ui (see fig. 2 ) .  \Ye Cone Lk(u') over d .  The remaining 
itiinular region between I,k(v) and Lk(v') is trinngnlatcd (in a standard \yay) as follows : 
We tot'ally order t,he vertices of Lk(w) as (I , . uj .  . . . a,v. Then wt1enevc.r 

.'a. ( ' I ,  . u.~, . . . . . ( i i  . a:,,. , . . . ( I ; , ]  as a simplex for this annular region. 
I,. ( 'o .  ail  > . . . .  a i j ) .  io < i ,  < < ij, is a siniples of Lk(a) and 0 5 p 5 i. we take 

Fig. 1 Fig. 2 

We now define a iiew simplicia1 map @' of t'his triangulated /)-sphere K' iiit,o F. 
Outside the region St,(v) it will be same as @: for each vert.t:x (hi of Lk(w) wit,h a,f += ai 
we let @'(a:) = @(ai) A @(v) and lastly @'(v') = @(,I : )  A @(a, )  A . . . A @ ( a N ) .  @' is well 
defined hecause contiguous vert,ices of K' go t>o contiguous vcrtices of F.  

(a) The sbniplicial r m p s  @. @ I :  ?j" -+ Gc are homotopic. 

We identify t'he common boundary Lk(v) in the triangulations St(v) and (St,(v))' of 
fig. 1 and fig. 2 and cone the resultant complex N over a new vertex x .  One has t#he 
map CD w @': M + G ,  which equals @ on St'(,u) and @' on (St>(z.))'. One can extend it 
t>o a siinplicial map Y :  . r M  -+ G , .  v.8. by defining V/(x) = @(v). Since @. @' coincide 
outside the region St,(v): this shon-s that) @ E @'. 

(1)) For any  ,vPrtea a,' of h" thP f o r ~ u l a .  @'(u') has weight 2 k ;  fui ther  the number of 
vertices a' of h-' for uhich @'(a') has wciyht k is om 1e.ss than the number of wrtices a 
of K for which @(a) lms least weight k .  

'L'his follolvs Imause (1) whenever a: + ui tjlie weight of @'(a;) = @(ai)  A @(w) is 
strictljr bigger than k and ( 2 )  the weight of @'(v') = @(v) A @(al) A .  . . A @(a,) is 
st'rictly biggvr than k.  

If "Case 1 '' applies to  CD' we are through. Otlierwise we call repeat, the above pro- 
cess t.0 get @" 2: @ etc. Since weight is bounded above by we see, from (b), tha t  
after a finite number of stcps (say nr) we will gct a simplicia1 @(m) N @ such that  @("!) 

falls in "(%so 1 ". Hence @ is lioinotopically trivial. 

~ - 

- - 

2.4.3. For ccery com.ponent C! of 3'. the homotopy yroups n,(C), n 2 1 ,  are all trivial. 

.this follows at' once from 2.4 and the definitio~i of these groups. Using the Hurewicz 
isomorphism t'lieorem TVO now w e  that  the homolo!jy qroups H,(F) ,  a 2 1, a.re all trivial .  

f l  
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Regarding H , ( F )  -it is thc frcc Al)eliaii group on tlir :  components of F-we hare 
already wen i n  1.3.4 that ,  for consistent 5. it has rank 2 7. Infact, it is fairly easy to  
see that if a co)isistp)Lt first order logic ;j. is csufficiently rich. then F ka,s so comporLents. 
Here 1)y "sufficiently rich" \ve mean that the language should have enough predicates 
etc. to  dc.duer, G ~ D E I . ' S  inconipleteness thf~orem. viz., that  t.he set, T of true formulae 
(in a11j- interprrtat ion) is not recursivdy enuint~ritblc. (Thc subcomplex T of F spanned 
by T u-ill Iw a disjoint union of components of ,F': further T A (-2') = 0 and 
T u ( -  7') = F.) On the other haucl one can deduce easily thRt the set (l of formulae 
lying in any component C' of F is recursively enumera1)le. Since a finite uriion of r.e. 
*ets is r.e. this rules out the possibility t,hat F' has  ix finite number of components. 

2 3 .  By a gPwrci l  theory or logic 5 ive \ \ i l l  understand a recursive set of formulae 
( ~ 1 s o  to be denoted by 5) equipped with a finitct numlier of recursive relations of which 
precisely otie is singulary. This singulary rrlation '3 E 6 constitutes the a.riom.s of our 
logic: thv Iiiphcr arity relations R & 3 x . . . x 3 are called the rules of in,feience of 
the logic (if ( f ,  . f 2 .  . . . . f k )  E H on(' says that, f k  is a dirpct cojLsequPnce of {Il . f 2  

Ihe notion of proof and prornble formulu is defined just its before. (These 
are iilmost the samv as those given by DAVIS in [I] .  p. 117;  as in that  book we assume 
that there is a fixed coiintable alphahet,. equipped with a Godel numbering, out of 
\rhirh all the formulae are 1)uilt .) 

that our a.lphahet lias three symbols (. ) mid A such that if f .  g E 5 then (f A g )  E 8). 
\Ye can generalise all thv definitions of 2.2 .  in the olwious way. to such logics 3. A look 
at its proof sho\vs that bhr acyclicitv theorem 2.4 coritinues to hold r m i i  now. However 
one can prove 23 .1  -which relates the topology of F to the notion of proof in 5- 
only under some additional conditions on 3. It \vould suffice. e g . .  to assume that 3 
is equipped \rith another binary operat,ion * such t,hat, ( i )  modus ponans is a rule of 
infercnee and (ii) all formulac of t'he type f A y f .  f A y * g A f mid f * ( 9  + (f A 9 ) )  
are axioms. This follon-s hecause ( i )  and (ii) allow us to deduce that formula k is im- 
mediate from formula j only if j t k and thus the Itmma, used in 2 . 3 2  holds. 

23.2. There Is a n  altc~iiative way of const,ructing a suitable topological space whieli 
avoids imposing the extra conditions of 2.5.1 on 3. Let 5 he the set of all finitc! sub- 
sets of formulae and let ;C. hr identified with t.hc subset of 3 consist,iny of singletons. 
\Ye say that ( f l .  f2 . . f k }  E 5 is f w n ~ e d i a t ~  from {y, . q 2 ,  . . . , q l }  E $ if each f i  is 
either ( i )  an axiotn or equal to it qj  or (ii) a direct coiiseyucnce of some axioms and 
some qj's und(,r some rule of inforencc of 3. S o w  (just ns in 2.7) nw define E' to be 
the full simplicia1 coniplex whose set) of vertice.: is 8 wit'li t'n-o vertjices being contiguous 
iff each is imtnediate from the other. The analogue of 2.3.1 can now be proved easily: 

Two fomirZac. of 3 lie i?i tks  S C ~ I ~ P  con/ponPiit of F iff they a m  logicnlly equivalent i ~ b  3. 
(The conipomnt of 9 containing the axioms will lie denoted by P :  a formula belongs 

to  P iff it is prox-a?)Ie). AIso we can prore. exactly as before, that) the topoZogicaZ space 
P is  acyclic. 

3 where 
iy, consists of d l  suhsets of 5 ?L forinulae from '5. Tlic component of F, containing the 
axioms will I)c denoted by P,; clearly P, E P A F,, P, & P,+I and U P, = p .  We 
will say that  it provablc formula is of depth 5 I I  if it) belongs to P,. " 2 

c ,  

.> - . ~ 1 .  7 Let us suppose that is equipped with R binary opcr;ition A (or. alt,rrnatively 

2.5.3. For each 12 2 1 let FI, denote t>lie sutjcomplex of P spanned by 5, - 



If a protnbk formu.Ia h m  u. prwf of length P I :  th..r.tt it i.9 of depth 5 PI.. 

This follows from an argument siniilnr to that girrii in 2.3.3. 8onietinies on(' has mi 
upper I)ouiicl for the dc?ptsli: c*.(r.. one verifies easily that if the ru.lw of iw.fet*e)t.cP of '3 
wre id$ &inary a7td s?pmwtetric. then m y  prcuvawr! fm~nttila ha.$ depth 5 1. ('Phis remark 
4LppIiw t.0 the logiw wsociakd t.o l'liuc. or Post, systems: see DAVIS C1.1. pp. 84. 1 I7 for 
definitions.) For a provalde formula f of depth 5 w one can restrict. attent.ion to thost! 
proofs whic:h cormsponcl to joining f t.o an axioni g by A path lying wholly wiitlriii P,,: 
and. for two such proofs. it is natiiral to consider a inore rwtrictiw not.ion of homo- 
topy in  which one is not ttllowed to go out.side tlw sul)compIcx P,, . Thus it is of interest 
t.o look at. the Iioniolopy tinct Iioniotopy proups of P,, . Unlike P. which is al\vays acyclic. 
thcw subcomylexc~s c*an have a wry rich homology. Infact. yivtvt wi.y comected a9t.d 
ftdl irhtpKc.id co?ttpk.r h' hrcuilfl (I. coit~ttu~de nwnbt?r of t w t k . . v .  o w  ca:)~ fiitd (1 bgic 3 
for ?&ch PI z R. (To sve this let the alplittbc!t be forniecl from the vc&ces ti1 . c 2 ,  . . . 
of K :  1st the set, of forrnulttc~ consist of all one letter words: let us hnvc just, OIW 

axioni i:l and just. one 1)inary symmt?t.rio nilc of infcrcwc? R defined by (wf .  t i j )  E R 
iff ~ u f t ~ ,  is an edge of K . )  Einoc t.lw lmycttntric derived of any simplicia1 complex is full, 
it. follows that INJ cmt fi& (4 logic whow P ,  ivy hottr.Poitt.nrph,hic to'ntty preawigmd con.- 
tienfed a d  eotttttcirble .&rt.pliciul crtt)c.ple.t*. 

(Eingegungen iini 3. September 1983) 




