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ON COLORING MANIFOLDS
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K. 8 Sargaris

1. Imteoduction

If K is a finite simplicial complex then we define ch, (K} to be the smallest
positive mteger such that one can assign to each i-simplex of K oune of ch; (K}
labels in such a way thdt not afl the faces of an i + 1 simplex have the same
label. ¥ X is a compact triangulable space we define ch, {X) = sup ch, {K)as

runs over il triangulations of X. Note that ch, {X'}is a positive integer or oo, If
the topological space X is homogenously of dimension m we will denote
chg, 2 (XY by ch (X} and it will be called the chromaric momber of X,

Frvrrewess Turoresm.  For any clised triongulable manifold X of dimension
m oz I one has

0 '(X)(z{ Enm-{w 1}

a5 240
where by, (X5 L) is the dimension of the homology group H , . (X} Z.,) and {x)
denates the “smallest integer comtaining x°.

This result in fact holds even for all pseudomanifolds and will be proved in
Section 3 below. One has in particular for the m-sphere

For m == 2 this is a classical result of Heawood and was recently improved to
the equality ch {$7} = 4 by Appel and Haken [1] With this one knows how to
calculate the chromatic numaber of any 2-dimensional manifold. See Ringel [2]

1 am grateful 1o the reforee and 10 Dir, Ranjan Roy for nvalvable assistance
given towards the preparation of this paper.

2. Some inegualities

It will be assumed throughout that m is an integer such that m = 2. Al
simplicial sets and complexes will be assumed finite. Given a mmghmal set K owe
will denote by K" the subset of all simplices of dimensions < n If o i a simplex
of K, St o will denote the subset of K consisting of all simplices of K contain-
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OMN COLORING MAMIFOLDS 465

g 0. We will denote the number of istmplices In K by o K} For each paiy
K © L of simplicial complexes we will denote by H (L. K) the ith unaugrmented
homology group with cogfficients £, this 1s in fact a voctor space over the field
2., and its dimensions will be denoted by b{L. K}. If K is empty we will use
instead H{E}and b{L} respectively. For @ topological space k the potations
HAX), 54X would have an andlogous sense. :

We recall that a topological space X is called a eﬁ%«rémfswmmmi mwr}wmmmi(
if X can be ?;mngfuima%u% by 4 xxmpkcm? wmpﬁex i such that: :

(i} Lis hmmgemusiy mE dimension m, Le. ecach mmpém i8 umm;nm} i an
R o . : ;
(it} Any {m - 1}simplex of L is incident to precisely two me-simplicies,
(iii} Any ewo mesimplices i, & of I can be joined through s § simplices, ic.
there exists a finite sequence of m-stmphoes

=G O

such that o amt iy @16 Mmd@m to the same m - i wmg}%m

it is kmwn that then every triangulation of X has these three prope

It is known that all {closed, connected) mgmgum%ala, topological manifoids
are psmdwmamkﬁds in the above sense: the converse is true for dim 1 but the
sphere with 2 points ideatified and the four dimensional space obtained by
suspending Poincard’s dodecahedral manifold are pseudomanifolds whick are
noi manifolds. In the fo?kamnim c:mmtm% use is made only of {1} and (i)

Leasmsa. Let K be a x:sivcrfngﬂe.ﬁt of a trigngudotion L f}jf an ?’!‘ﬁt«ffﬁﬁ'tz%ﬁmfﬁ?fﬁif
peendomanifold. Then at least one of the following holds:

hm{f"’ K} = P?l“f“ [ gy t(K ) {j }

[
S

Bl B =1 {2
Proof.  We will assume b (L, K = 1 since otherwise (1} holds,

Sinee 4, is medimensional Hm(i, Kjis formed from all 4, ¢ mmw of L — K
whose boundary de s contained in £, From (U} it follows that if ¢ contains an
m-simplex o then it contains the chain o, of all mesimplices of L — K which can
he joined to o through (m ~ | }w-mmplmm of L — K. We note that for each
m-simples ¢ of L — K this m-chain ¢, is non-rero and that do, is contained in
K further two such chains ¢, and ¢, are either disjoint or equal. Thus the set

fe,lo an mesimplex of L - K
is a hasis of Hm{L, K}

If de, = & for some o then it folfows from (m)tf AN wmdma all m-simplices

of L — K; there is thus only one chain of type ¢, and ?rm(f,_« B = 1. So assume
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de, # Ofor all o. Let £ be an {m — 1})simplex contained in 8c; if the number of
(mm — 1}-simplices contained in de, was less than m + 1 then one of the m faces
of ¢ would be incident to no other {m — 1)-simplex of ‘de, . This contradicts
d¢c, = 0 s0 each dc, must contain at least m -+ 1 simplices. On the other hand
cach fm — 1) simplex of K is incident 1o at most two mesimplices of L and so
CAn O0Cur in th most two chains oi type dc,. This gwea {1}

Tueomem 1. L 2t K be a subcomplex of a trmnqwfafmﬂ L Uf a1 dnnmwaml
psevdomanifold X such that }i’” Yo Kot and K has ot feast one m o 1
simplex. Then : :

‘i‘xrn K(K) < dog Vm oz & . &
!’N f ;wa "'{'K‘) & B e 2{‘&} ’ {A)

Progf. The loag exact homology Sﬁ’:’qﬁﬁﬁﬂ‘-@ of (L, K)is
o HAKY - H{LY - H{L, K} H,. (K}~ (3)

Its exactness implies that the alternating sum of the dimensions of its terms is
ZEFD) 50

by K = B{L} = by (L) 4}~ balk 3"'" bu (K} +0p
oL K) = by zu Ky+) )
Next we note that _ _ _
) — by (K) 47+ = {1} — e (K) 4+
o (iﬁo&‘h téém& being (— 1K)
= gy (K} 4 2 oK)
A s = (LY )
(singe £*77 o Koo pmo 1) {5}
ety (K + o oK)

e by 3L b (B )

{using exp for {— 1" 3Ny
= =0y (K)o G 5K ~ B o2 73)
+ hm ALYy~ B LY 4

because H {172} — H AL Jis an isomorphism for i < m — 4. Since £777° = K the
map H{K}» H{L) s surjective for {<m~ 3 and an ;nommp mm for
isim - 4; 50 t‘he Nm&mm of (3} implies that

bil, K}=0 forism-—3 : {6}
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Substituting {5} and {6) into (4] we get o
By K} = Buf LY = b (L} + by ) = B o) + - 1K)
e e oK) B U0 b By (L, K) = Byl KD ()
Suppose that {1) holds; then on substituting {7) into (1} we get '
1
Z%i“k; Dy - !(‘K) = bm(}j’} + bm*“ 1("%) o F}n:)(l‘} + g}m - X{}-}
A gy F(KJ} - E’M“’:ﬁé o 35 - bm“* 1(3“1 K}.“;w bm zUa K) (8‘}

We note that M, 0" 7 — H,. (K} is onto; so

by (I K b a(K) (9)
Using {6} we see that (3} has the bllowing sxact subseguence:
Hp (L) 5 Hy ofL, Koo By (K) =0 Hoy (L) 0. (10)

This implies that ‘
B Ly = By ol K} 4 by o{L, K== dim (Ieaf) <0 B, (L}, {EL}

Substituting {9} and {11} into {8) we get

pr - ¥

Tl:'a‘ !E Wy on I{K) gy Z(K} + hm"' il(“){} -1 (;2}
Here we have used the fact that —b,, ,{L; K) < O while &, (L) = b 1(}&}
and b(L) = b{X)= 1. |
When (2} holds we substitute {7} into {2} and again use {9} and {11] to get
G 1K) < 2 oK) + Buos(X) | {13}
But K contains at least one {m — Lsimplex; so

But (13} and .@{M} again fmply { 12} which 1s the desired inequality.

3. Colering theorems
The finitenass theorem follows as an ¢asy corollary:

Tusores 2. The chvematic number of an wedimensional psendomanifold X is
less than ov equeal to
mifn -+ 1) o
T S . € x’fzﬁ}

Proof.  Letus denote the above integer by n{X). For any triangulation L of
X we have to show that ch,, , {L} < a{X). Buich,,., (L} = ch,., (" Yand
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thus it will be sufficient i we can show ch,. ; (K} < #{X} for all subcomplexes
K of L am,h eimi e e Wf: do this by induction on a,,. {81 When
Uy g{ K} = 0, 1" ? = Kand ch,,., (K} =1 «"zzf)ﬁ So assuine o AK)>0U
K contains no (m— Dpsimplex it s clear that ¢hy,- o (K= 1 < a{X}) Other-
wise Theorem 1 apphes. From iim_iuuthty {A} we see that

M - Mﬁm 1K)

m+ o P 2L )
ML, ;{K} '

AK)

<14 h, (X} . (15)

and so o ' (6
ind s » # } (16}

"

But in {16} the left hasd side denotes the average nomber of
(s - ¥-simplices incident to an’ {m — Zhsimplex. $o there exists a o™ % ¢ K
incudent to less than (X} simplices of dimension m~ L Put K" =K
Sty o, now B7 0 K e I and the subcomplex K obevs a,. (K} <
Dy 2K L Using the inductive hypothesis wi can color K with 5{X) labels and
then, since o is incident to less than o X simplices of dimension m ~ 1, extend
it to a coloring of K using the same s{X) labels. '

Remarks. () Some mprovements on the abowe bounds can %_f)e:' eastly made.
Consider first the case m o= 2. Then the mequality (8] becomes

(K g - hafLy+ fh{_” = bo{L) + wo(K) - ‘51(-{*1 R+ boll, )

Mow here bo{L) = by (L} =1 while bof{f, K} =0 because K is s non-empty
subcomplex of the connected subcowmplex L. 8o instead of {12} we gof the betier
inequality

Jm

K) oK)+ befX)~ 2 )

1

Similarly instead of {13} cne gets rm ha tter it {2 n&hw _ _

However now {14}, i.c. ao{K} > 2, does not ensure that {137 implies (127). We
bave to repface i with the stronger condition w (K} = 3. We have thus
reproved the following theorem of {”5 {see pp. 35 and 39 For any I-dimensional
subcomplex K of o friangulation of a closed D-dimensional X one buts

ERLY § b{Xy—-2

oK) T wlK) (A)

pravided o(K) = 3. Using this inequality (A) and a slight refincent of the
argument of Theorem 2 one gets, for 2- manifolds X with b (X} = 1 the weli
known formk of Heawood:
_ 7+ JTF 30, (XT 23 o B
o (x) < |1 ; ALKy (17
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See p. 64 of [2], We remark that the elementary theorems on pages 10-12 of {2]
have obvious generalizations; so such a refinement can be made in the proof of
‘Theorem 2 in geaeral and one sees that for gny m-dinmensional pseudomanifold X
with by, (X ) 3 1,

{ » i

! , b S b
' ch (X) < X 5 s

(18)

where

(X} == m{m«}%}{i e b (X 2N (19)

f23 SRl §

(B} For any m-dimensional pseadomanifold X one has ch,.; {X) < 3. This
can be proved analogousty 1o Theorem 2 using the fact that in any suboomplex
of a tangulation of ¥ a m— 1 simplex s fneident (o less than three s
simmplices. On the other hand one can see that for ary plecewise finear monilold

chromatic muimber of an orientablke closed Zomandfold X s given by

e e
oh (X) = Ll ; 45}{-(&)

Therefore glven any 7> 0 one can choose an orlentable surface X, with
eh (X,) = m MNext we note the fact there exists a piecewise linear imbedding of
X, in R and hence in any piecewise linear mamifold ¥ of dimension > 3.
Hence chy {V) 2 chy (X,) = p and since » is arbitrary we get chg {Y) = oo
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