
s`B qoN ipAwrI r`cxw, Bwg cOQw

51. ivc not 49 dy qW m`noN AwpW AigAwqW x Aqy y ivc swrIAW ifgrI n idAW
homojIns iekueySnz dI spys RPn au`qy lInIAr sbstIcueySnz vwly Eh "bybI eykSn"
dI jIEmYtrI dI J`lk hI dyKI sI[ kMm krdy bybI grup G ivc hn R2 idAW lInIAr
AweIsomori&zmz vloN ienfIausf Ehdy ErIjn ivcoN lMGdIAW ryKWvW dI spys RP 1 idAW
bweIjYkSnz[ so ieh koSYNt hY grup GL(2,R) dw q`ksIm dyky Eh s`B fweygnl mytrIisz
nwl ijhnW idAW donoN AYNtrIz brwbr hn[ so Awpxy grup G dy hr AYlImYNt nUM AwpW
mMx skdy hW 2× 2 mYtrIisz dy iek joVy ±A vjoN ijhnW dw fYtrmInYNt ±1 hY[ &lsrUp
G dI fweImYnSn iqx hY pr not 49 ivc qW AsIN isr& ivcwr rhy sI Ehdw Eh iek
fweImYnSnl sbgrup jo bxWdy hn s`B joVy ±A ∈ SO(2,R)[

iehdw dohrw kvr G̃‐‐XwxI ik grup swrIAW mYtrrIisz A dw ijhnW dw fYtrmInYNt
±1 hY, XW &Yr GL(2,R) nUM qksIm krdo fweygnl mytrIisz nwl ijhnW dIAW AYNtrIz
brwbr qy pOzIitv hn‐‐grup hY R2 dI ErIjn coN lMGdIAW swrIAW ryz dI spys S1 dIAW
bweIjYkSnz dw jo R2 dy lInIAr AweIsomori&zm ienfIaus krdy hn[ ieh grup kMm krdY
lInIAr sbstIcuSnz nwl RPn dy dohry kvr au`qy, XwxI ik Sn jo bxWdIAw hn swrIAW
homojIns ifgrI n dIAW nW‐brwbrIAW anxn+an−1xn−1y+· · ·+a1xyn−1+a0yn ≥ 0,
ij`Qy zrur iek koAY&ISYNt ai nOnzIro hY[

jy n ≥ 2 qW Sn ismplI konYkitf hY Aqy RPn nhIN, pr S1 qy RP 1 dI tOpOlojI ieko
hY[ ieh hI kwrx hY ik fweImYnSn do dy mYnI&olfz leI hI EhnW dy isimtirk pwvrz
vI mYnI&olfz hn, Aqy AY& tI ey shI hY[

ivpRIq iehdy, (S1, G̃) qy (RP 1,G) dI jIEmYtrI iBMn hY, koeI bweIjYkSn S1 → RP 1

AYsI nhIN jo trWs&rmySn grup G̃ nUM bxw dy G :‐ phlI jIEmYtrI dy i&ksf pOAYNt joVyAW
'c hn‐‐iek ry Aqy EhdI ault ry‐‐pr dujI jIEmYtrI 'c ieh sc nhIN[� eyQy qy keI
jgHw Q`ly vI klwien vWgUM AsI Sbd jIEmYtrI dw Bwv smJW gy, iek sYt ijhdIAW
bweIjYkSnz dw iek sbgrup swnUM idqw hoeyAW hY[

drAsl, BWvy spYisz G̃ qy G dI topOlojI iek hY, Aqy doAW dy doNvyN kOmponYNt srklz
nUM irtrYkt krdy hn, ieh AYbstrYkt grups vI iBMn hn :‐ bYbI grup dy AweIfYNittI
kOmponYNt G0 nuM AwpW mMn skdy hW PSL(2,R) = SL(2,R)/ ± I jo isMpl grup hY, dyKo
Aglw not, so ieh nhIN AweIsomOri&k Awpxy kvr G̃0 = SL(2,R) nwl[�

dujy h`Q, iehdw sbgrup SO(2,R)/ ± I AweIsomori&k hY Awpxy kvr SO(2,R)
nwl A 7→ A2 Q`ly :‐ ikauNik jd AsIN SL(2,R) idAW mYtrisz skvyAr krdy hW qW
AYbIlIAn Sbgrup SO(2,R) mYp huMdw hY Awpxy auqy ivd krnl ±I[�

ieh dsdY ik pury bybI grup dw AYkSn smJx leI swvDwnI dI zrurq hY, pr Amumx
ieh krdy AsIN not 49 dI srklz nwl &olIeySn qoN vI ghW ink`l jWvWgy[

52. sMdrB ivc jo AsIN huxy huxy vrqyAw sI, glH ieh hY ik sO swl qoN ieh pqw hy ik, jy
n ≥ 2 qy F koeI &Ilf hY, qW PSL(n,F) sdw isMpl grup hI hY, C`f isr& ieh do kys,
PSL(2,F2) ∼= S3 Aqy PSL(2,F3) ∼= A4[ iek srl pru& hY mslx kOnrYf dy iek nMvy
prcy ivc[ pr ieh q`Q ik PSL(2,F5) ∼= A5 dy nwl nwl swry PSL(2,Fp), p > 5,
vI isMmpl grup hn dw izkr Kud gwlvw ny kIqw sI !

so PSL(2,R) dw koeI nOn tirvIAl koSYNt grup nhIN[ pr iehdy nw isr& PSL(2,Z)
vgYrw, pr Axigx`q ifskrIt sbgrup hn: ryfIAs c < ∞ dy ifsk idAW rYlItIvItI
v`joN rYgulr tweIilMgz idAW isimtrIz dy! Aqy ieh ien&weInwiet tweIilMgz kw&I vwr
kvr kridAW hn klozf srPYisz idAW &weynwiet rYgulr tweyilMgz {p, q}[ ies hd
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qk ‐‐ pVo hux qy A`CI qrhW smJ lE mYijk kwrpYt (2010) A`gy jwn qoN phlW ‐‐ ik
hux koeI vI p ≥ 3 qy q ≥ 3 sMBv ho jWdy nYN[

so rYlYitvItI BMx qOV dI hY Eh A`Kwx ik isr& pMj rYgulr sOilf hI hn ! A`gy ijMvyN
A5 auqpx huMdw hY AweIkoswhYfrx {3, 5} qoN, &weynwiet grups dy lSkr hI KVy ho jWdy ny
ieh sB {p, q} qoN[ ijnhW ivc Swiml hn, sB &weynwiet isMmpl grup ! ikauNik jwpdw
hY (ArQ mYN ieh prcy pury pVy nhIN) ieh kOrOlYrI hY EhnW dy kiQq (ArQ iksI ny vI
ieh sB prcy pury pVy nhIN!) klwsIi&kySn dI ik koeI &weynwiet isMmpl grup nUM AsIN
jYnyryt kr skdy hW isr& do AYlImYNts qoN, Aqy do fweImYnSnl rYlyitvytI ieMj bxWdI hY,
swry &weynwiet grup ijnhW nUM do AYlImYNts jYnyryt krdy hn[

hux ieh qW AwpW ikh nhIN skdy dy ik iks hd qk ieh s`B Kud gwlvw ny hI BWp
ilAw sI, pr zrur, XOrdW ny Ehdy kMm dI jo lMbI 1870 c ivAwKyAw CwpI sI, Ehdy s&y
380 au`qy idqw hoeyAw hY, iek qrIkw hr iekueySn nUM hl krx dw, AYsIAW &MkSnz nwl,
ijnhW idAW sIimtrIz iek Kws rYlYitivisitk tweyilMg idAW hn!

rwz ies sB dw ieh hY ik do‐fweImYnSnzl rYlYitivtI SurU qoN hI bMDI hoeI hY QIErI E&
iekueySnz nwl ikauNik ‐ Aglw not ‐ iek ifsk dI rYlyitivsitk jIEmYtrI Aqy Ehdy
bwauNfrI srkl dI bybI jIEmYtrI G ieko hI hn !

53. Xwd rhy ik RP 1 dy AYlImYNts hn R2 dI ErIjn coN lMGdIAW ryKWvW[ so hr
iek nUM kt ky AYsI ryKw L nwl jo iehdy ivcoN nhIN lMGdI ‐‐ ijMvyN icq`r dI ryKw t = 1,
ErIjn coN L dy smWqr lwien iehnUM ∞ ivc k`tygI ‐‐ idMdI hY, AweIsomori&zm bybI
jIEmYtrI (RP 1,G) Aqy pUrI lwien L̂ = L ∪∞ dI mobIAs jIEmYtrI dI :‐

ikauNik G dy R2 dI lInIAr AweIsomori&zm (x, t) 7→ (ax+ bt, cx+ dt) qoN au`qpx
AYlImYNt nwl bMDI L̂ dI trWs&ormySn (x, 1) ∈ L nUM ∞ jy cx+d = 0, XW &yr (ax+b

cx+d , 1)

au`qy mYp krdI hY; so ∞ nUM ∞ qy jy c = 0, XW &yr (ac , 1) qy[ so ieh kOmpoizSn hI hY
XuklIfIAx AweIsomYtrIz (x, 1) 7→ (±x + λ, 1) qy homoQYtIz (x, 1) 7→ (µx, 1), µ > 0
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jo ∞ nUM i&ksf rKdy hn, Aqy Xuint srkl c rY&lYkSn XW ienvrSn (x, 1) ↔ ( 1x , 1)

dI jo (0, 1) A`qy ∞ dI Adlw bdlI kr idMdI hY[�
AYNvyNhI, iksI vI pUrI XuklIfIAn spys Ê = E ∪∞ dI mobIAs jIEmYtrI fIPwien

krdy hn, sB kOmpozISnz E idAW AweIsomYtrIz Aqy iek imQy ErIjn qoN ryz dIAW
homoQYtIz x 7→ µx jo swry ∞ nUM i&ksf hI rKdy hn, Aqy ieklOqI ienvrSn x ↔ 1

x

ieh sB ryz dI, jo ies ErIjn Aqy ∞ dI Adlw bdlI krdI hY[
XW &yr izAwdw iKcwau Al&wzW ivc, sB kompozIsnz kofweImYnSn vn cpty XW gol

SISyAW c rY&lYkSnz dy :‐ XukilfIAn AweIsomYtrIz leI cpty hI kw&I hn. mslx
do pYrylYl cptyAW c ir&lykSnz dIAW kOmposISnz hn swrIAW trWslySnz[ Aqy do
kOnsYNtirk gol iSSyAW c ry&lyknz idAW kOmpozISnz swrIAW homoQYtIz[ iksI ibMdU
igrd Xuint s&IAr nUM AwpW iek homoQYtI qy trWslySn dvwrw mYp kr skdy hW iksI vI
gol SISy auqy, so ieko ienvrSn dy kOnjugyt hn swry gol rY&lYkSnz[�

Agy, swry SISyAW‐‐cpty XW koeI vI ryfIAs dy gol‐‐dI AhmIAq brwbr hY[ iek
gol ivc irPlYkSn Ehdy sYNtr coN lMGdy swry s&IArz nuM bxW idMdI hY cpty[ Aqy ijhVy
EhnUM tYNjYNt vI hn Eh bx jWdy hn tYNjYNt cpty[ plynlI plyn jIEmYtrI kw&I hY ieh‐‐qy
AYNvI hI AYsw hor ink suk‐‐cYk krx vwsqy : L̂ dw iemyj hY R2 dw Xuint srkl S1 jy
AsIN sYNtr −T qy ryfIAs 2 dy gol SISy ivc rI&lYkt krdy hW :‐

gOl SISw Adl bdl idMdw hY ryz dy P, P ′ ijnhW dI dUrI hY x qy 1
x zr`b ryfIAs,

XwxI ik CP
CT = CT

CP ′ , XW &yr ∠CTP = ∠CP ′T[ so P ryKw L qy XwxI ∠CTP = 90◦

EdoN qy EdoN hI jdoN ∠CP ′T = 90◦ XwxI P ′ ivAws CT vwly c`kr au`qy hY[�
so kuJ Kws nhIN hY ∞ bwry, ieh Ê dy dujy pOAYNts vWg hI hY[ qy iblkul ijMvy iehdy

ivcoN lMGdy swry SISyAW, XwxI ik cptyAW, ivc rY&lYkSnz idMdIAW hn E dI XuklIfIAx
jIEmYtrI, hr Ê dy pOAYNt dy komplImYNt au`qy hY iek XuklIfIAx jIEmYtrI[ mslx ies
pOAYNt qy tYNjYNt do SISyAW ivc rY&lykSnz dI kompozISn Ehdy kOmplImYNt qy fI&wien
krdI hY iek XuklIfIAn trWslySn, vgYrW[

ieh pOAYNt kOmplImYNts dy XuklIfIAn ifstYNisz EhnW dIAW homoQYtIz prIzrv nhIN
krdy pr mobIAs trWs&ormySnz swry AYNgl prIzrv XW rIvrs krdy hn[ eyQy do ktdy
plynr srklz XW lwiexW dI gl ho rhI hY, jy ieko kt qW AYNgl zIro hY, jy nhIN qW
iehnW ivc do brwbr aulty AYNgl hn, do ryKWvW dy kys ivc ∞ iek kt hY[

mobIAs jIEmYtrI XuklIfIAn jIEmYtrI nUM kudrqI qrIky nwl mukMml krx dy nwl
nwl Ehdy vWg irijf rihMdI hY[ Bwv Ê dw ieh qoN v`fI fweImYnSn dI F̂ dw sbsYt hoxw
hI i&ks kr idMdW hY dUjI dw mobIAs sbgrup jo bweIjYkitvlI ies idAW sb mobIAs
trWs&ormySnz ienfIaus krdw hY :‐ ikauik Ê dw koeI SIsw, cptw XW gol, iek qy iek
hI prpYNfIkulr F̂ dy SIsy dI Ê nwl ieMtrsYkSn hY[�

mslx L̂ dy mobIAs grup nUM AwpW m`x skdy hW R̂2 dw mobIAs sbgrup jo jYnyryt
krdy hn iehnUM prpYNfIkulr swry SISy[ so rY&lYkt krky rYfIAs 2 Aqy sYNtr −T dy
srkl ivc, bybI grup G nUM AsIN mx skdy hW R̂2 dw mobIAs sbgrup jo jYnYryt krdy
hn rY&lYkSn gol sISyAW ivc jo Xuint srkl S1 dy prpYNfIkulr hn[

AYNvyN hI, mobIAs jIEmYtrI auqy iksI gol n‐s&IAr dy, jo bYTw hY fweImYnSn m dI
XuklIfIAx spys ivc, idMdy hn iehdy bweIjYkSn jo rYstirkSnz hn iehnUM prpYNfIkulr
swrY (m− 1)‐s&IArz ivc rY&lYkSnz dy[ ieh fY&InySn ∞ dI vrqoN nhIN krdI qy Suru
qoN hI ies jIEmYtrI dI homojYnItI dKWdI hY[

3



kuJ hor mobIAs trWs&ormySn vI hn R̂m dy jo ies Sn nUM prIzrv krdy hn, pr jy
m = n+ 1 qW koSYNt grup isr& Z2 hY, sdky Kud Sn ivc R̂n+1 dI rY&lYkSn[ mqlb
Sn dI mobIAs jIEmYtrI idMdy hn R̂n+1 dy swry trWs&ormYSn jo nW isr& Sn pr iehdy
kOmplImYNt dy donoN komponYNts nUM vI prIzrv krdy hn[ ijhVI Rn+1 dI Epx (n+ 1)‐
bOl Bn+1 dI bwauNfrI Sn hY EhdI mobIAs jIEmYtrI ieh hI trWs&ormYSnz dIAW Ehdy
auqy rYstirkSnz nwl fI&wien huMdI hY[ Aqy AwKr

Sn dI mobIAS jmYtrI nUM AwpW mMn skdy hW Bn+1 dI rYlYitivsitk jmYtrI:‐ AwpW
ies dy ∂Bn+1 = Sn nUM prpYNfIkulrlI ktdy swry dy swry krvf SISy Xkdm bgYr EhnW
dIAW bwauNfrIz nUM CyVy Eh hweIprbOilk mYnI&olfz (2012) vwlI jwdueI rYfIAl sYl&
homIEmori&zm nwl cpty bxw skdy hW, ijs qoN bwd iehnW ivc rY&lYkSnz bOl qy kon nUM
prIzrv krx vwlIAW lInIAr mYps dIAW irstrikSnz bx jWdIAW hn[�

so Xuint srkl S1 dI mobIAs jmYtrI G nuM AsIN AweIfYNtI&weI kr skdy hW Xuint
Epx ifsk B2 dI rYlYitivsitk jmYtrI nwl[ Aqy &yr plyn hY ik auqlI homIEmori&zm
dI AYgizstYNs dw pru& ies plyn kys ivc dyxw hI kw&I hY[ jo inkldw hY iek AYsy
nW‐jwdueI qy nW‐Xkdm prU& qoN Eh AsIN Agly notW ivc ivcwrWgy[

54. sm`J dI qYlwS ivc AsIN ieko cIz nUM v`Kry nwm Aqy v`KrIAW cIzW nUM ieko nwm
idMdy rihMdy hW[ ieh SbdW dy sdw bdldy vKry BwvW c brIikAW aucwrx leI kudrqI
BwSw dI swrQk SkqI zrUrI hY[ pr hW ibc ibc ieh qy Eh nUM izAwdw &OrmYlI fI&wien
krky Sk nUM G`twx leI pruP ilKxy zrurI hn[ iknHI dUr mYN Aw igAw hW SUru qoN cl ky
cIzW nUM (punr) smJn ivc ies kwrtISIAx qrIky nwl dw inrnw qW qohwfw hY[ pr hux
qoN mYrw ierwdw hY hor sw& krxw kuJ SbdW dI Kws Aqy Swied qohwfy leI AjIb vrqoN jo
mYrI leI lwBdwiek hoeI hY ies qYlwS ivc[

ivSySx rYlYitivsitk sMkyq krdw hY XukilfIAx jIEmYtrI dw iek Epx sYt auqy
kudrqI bdlwv jo krxw bxdw hY jy smJo AsIN Ehdy AMdr kYd hW[ mUl auDwhrx hY auqlI
jmYtrI rYfIAs c < ∞ dy bOl Bn dI, jo n = 3 leI Awpxy kon dI AYsI hI jmYtrI nwl
spYSl rYlYitvItI ivc iesqmwl huMdI hY, Aqy iksI n leI Aksr BwrI‐BwrI SbdW ivc
khI jWdI hY 'dI klwien mofYl E& n‐fweImYnSnl hweIprbOilk jIEmYtrI'[

pr ikqy ivAwpk auDwhrx vI AsIN dyK lIqy hn pI jI AYNf Awr (2013) qoN cldyAW
prcyAW c[ lY lo kOeI Epx U s`c dYt jy AsIN EhdI koeI sYgmYNt vDWdy hW qW Eh iek
pwsy qy zrUr bwhr clI jWdI hY, so hr sYgmYNt dI inSicq kyeIlI lMbweI hY, Aqy U dy
do pOAYNts ivckwr rYlYitivsitk ifstYNs hY ien&Imm swry igxqI idAW sYgmYNts qoN bxy
joVdyAW rsqyAW dI kul kyeIlI lMbweIAW dw[

muVdy &yr homojIns bOl jmYtrI vl, myry iKAwl c iek mwiekroi&zIkl B dI mobIAs
jmYtrI nUM vI rYlYitivsitk hI mxnw cwhIdw hY[ ies mwiekro duxIAw dy bwiSMdyAW dy leI
qW Swied nhIN, pr iek mYkro Ebzrvr leI jo ies CotI CupI duxIAw nUM bwhr qoN smJx
dI koiSS kr irhw hY[ Es leI Eh syl& homIEmori&zm nW dy brbr hY, ikauNik ieMtr&ys
krdy s&IAr dI mobIAs jmYtrI nUM qy ieh nhIN CyVdI, so sdky rIijfItI dy, mumikx hY
ieh kvWtm i&zIiszt Awpxy iek vISyS mobIAs sbgrup dy ifskrIt sbgrupW ivc kdy
kdwAIN sux skdw hY jo ies mweIkro dunIAw ivc vwpr irhw hY[

rh`smeI hY ikxI hI vwr jo mYN soc hI irhw sI iksI ny ikauN nhIN ikhw Ajy qk, pqw
l`gw mYNnUM bwd ivc Eh gl qW AwrnOlf kih bYTw sI phlW[ pr Ehdw 'mYQymYitks iez
Aw pwrt E& i&izks' qW mYNnuM isr& iesy leI hI kbUl hY ikauNik mYry leI i&izks dw
mqlb hY kwrtISIAn i&izks[
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vrnxXog hY &yr ies sMDrB ivc ikMvy iek kwrtISIAn moSn dy kwrx qy Ehdy AMdr
hI sB klozf mYnI&olfz id`K jWdy hn, AwpxIAW BWq BWq dIAW jIauxW ijMdy, Aqy ies
moSn dw rYlyitivsitk hoxw iehnW auqy ilpsiStz cwrts dy idMdw hY, pr rihMdw hY qohWnUM
Ajy dsxw ikMvy ieh, iehnW nUM jnm dyx vwlI hl cl hI, iehnW mYnI&olfz au`qy smuidMg
Epyrytrz vI fI&wien krdI hY, kwrxvS ijs dy AqIXwh qy horW dy ieMfyks &OrmUly vI
ieh kwrtISIAx i&izks dy dwiery dy AMdr Aw jWdy hn[

jo rIso rIsI Alwp j`pyAW jWdW hY AwDuink auc stYNfrf E& irgr bwry ivc AwrnOlf
dw KuSk jvwb 'AYz &wr AYz AweI no, dw krItIrIAw E& irgr hyv not cyxj`f isMs dw
twiem E& Xukilf' qwzI hvw dy JoNky vWg sI[ Xukilf idAW qyhrW ikqwbW Anmol hn
ikauNik jo kwFW EhnW ivc Swiml hn Eh hI hun AsI jwxdy hW jo Es klcr dy gixqkwrW
ny Es twiem qk Koj ilqw sI[ ijMvy ik EhdI pMjvIN qy sB qoN fUMgI ikqwb swnUM jwnUM
krWdI hY Xofokss dy kuJ km nwl jo EsqoN vI ijAwdw irgors sI[

pr A&sos jld hI iehnW ikqwbW dy bhumu`lI sbstYNs nUM C`f swrw &ok`s Xukilf dw
stwiel hI bx igAw, XwxI ik, Ehdw AYksIEmYitk mYQf[ AYQy vI Swied jy &ok`s kuJ
Gt huMdw qW ikqy phlW idK jWdW ik, Xukilf III.36 swxU idMdI hY iek homojIns jmYtrI
ijs ivc Xukilf dw pMjvW postulyt shI nhIN :‐

ly lo Epx ifsk dI srkulr Awrk bwauNfrI nUM normYlI ktdI[ Ehdw sYNtr O ieh
do ktW qy bwauNfrI idAW tYNjYNts dw ieMtrsYkSn ifsk qoN bwhr hY Aqy EhdI rYfIAs r
ieh tYNjYNts qy lMbweI hY[ ijs Xukilf dI prOpoizSn dw hvwlw AsIN idqw hy Eh dsdI hY
ik O qoN inkldI qy ieh tYNjYNts ivc rihMdI koeI ryKw jy ifsk dI bwauNfrI nUM P Aqy P ′

qy ktdI hY qW OP · OP ′ = r2, i.e., OP/r = r/OP ′, i.e., bwauNfrI qy ifsk prIzrv
krdI hY rY&lYkSn ies sYNtr O Aqy ryfIAs r vwly gol SISy ivc[

ieh sB, Aqy ivAwsW ivc, rY&lYkSnz jYnyryt krdIAW hn 'bybI grup' G jo ifsk
dy pOAYNtW Aqy lwiexW, XwxI ik, ieh Awrks Aqy ivAwsW qy trwzIitvlI AYkt krdw
hy[ zwihr hY ik pYrYlYl postulyt hun shI nhIN, pr Xukilf idAW ies qy inrBr nhIN
kridAW sB dlIlW ies jmYtrI ivc vI vwijb hn[�

drAsl iksI vI O leI, jo ifstYNs R qy hY swfI rYfIAs c vwlI ifsk dy SYNtr qoN,
ieh shI hY ik OP ·OP ′ = R2 − c2 :‐ ikauNik b`cdw kys R < c idMdI hY Es qoN jld
phlI prOpozISn Xukilf III.35.�

jy ausI lYvl dw pr Gt Bwrw vrnx aupl`bD huMdw qW swnUM Es gixq dw hor A`Cw
AMdwzw hoxw sI, ikauNik SriqAw ikxIAW hI ipAwrIAW KojW nUM iehdy AYksIEmYitk mYDf
kwrx koeI jgh nhIN imlI hoxI Xukilf dy AYlImYNts iv`c[

msln, jy koeI vI kvwfrIlYtrl nuM lY ky AsIN bwr bwr sweIfW dy imf pOAYNts igrd
AD‐GumI jWdy hW qW Es idAW nklW nwl swry plyn dI tweIilMg bx jWdI hY :‐ prXog
rWhI ieh cYk ho jWdw hY ikauNik iksI vI kvwfrIlYtrl dy kOxW dw joV cwr rwiet AYNglz
hY, pr pury pru& leI plyn dI isMpl konYktIvItI dw vI iesqmwl huMdw hY[�

so, hr ifgrI cwr dI homojIns iekueySn ijhdy iBMn AYkstYNiff rIAl rUt hn nwl
bMDI hoeI hY iek AYsI plyn dI kvwfrIlYtrl tweIilMg, dyKo qsvIr :‐ tweIilMg dw bIj
hY kvwfrIlYtrl ijs dIAW vrtIisz hn Xuint srkl dy pOAYNt jo rYfIAs 2 Aqy sYNtr
(−1, 0) vwly gol SISyy c rY&lYkSn Q`ly lwien L̂ auqy hn ieh cwr rUt[�

iesI bIj kvwfrIlYtrl‐‐XW iksI vI Xuint srkl c ienskrwibf pOlIgOn ijhdIAW
iqn XW ijAwdIAW BujWvW hn‐‐qoN cldy AwpW Xuint ifsk dIAW sweIfs ivc rYlYitivsitk
rY&lYkSn vwr vwr vrqdy hoey Xuint ifsk nUM vI pUrW sbfIvwief kr skdy sW, pr hux
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ieh 'tweIlW' kuJ bogs hn, iehnW dy vritisz qW EpYx ifsk qoN bwhr hn, ies ifsk
dy ivBwjx dy sYl rYlYitivsitklI kONgrUANt qW hn pr kompYkt nhIN[

ies qoN ieSwrw lYNdy, AsIN n ≥ 5 leI ienskrweIbf mobIAs n‐gon dIAW sweIfs
nUM kuJ isDW hI krWgy, m`qlb, Eh hux iek ryFIAs c > 1 dy kONsYNtirk EpYx ifsk idAW
'sYgmYNts' hon igAW, ivd c s`c dyt ieh nMvyN mobIAs n‐gOn dy AYNglz dw joV AYgzYktlI
2π hY, qy &yr ies bIj qoN cldy ieh, iek v`fI ryfIAs c > 1 dI EpYx ifsk nUM bwr bwr
mobIAS hw&‐t`rnz vrqdy purw twiel kr dvWgy :‐

55. Xuint srkl auqy jy n > 4 pOAYNts idqy hn, qW iek qy isr& iek 1 < c < ∞
AYsw hY jo ieh n konW dy joV nUM 2π bxWdw hY[ ikauNik, ijMvy ieh n mobIAs sYgmYNtw
hor qy hor isDIAW huidMAW jWidAW hn, ieh joV SuruAwqI kImq 0 qoN cldw kONtInuAslI
(n− 2)π > 2π vl vDdw hI jWdw hY[

AwpW ieh c qy ruk jWvWgy (pr not kro jy c → ∞ qW kOnsYNtirk ifsk homoDYitklI purw
plyn bx jWdI hY, Aqy Xuixt ifsk idAW sBI Awrks iehdIAW ryfIAl hOmIEmori&zmz
dI iek ienkrIizMg lImyt nwl jvW isDIAW ho jWdIAW hn)[

AYs ryfIAs c dI mobIAs jmYtrI vjoN ieh krvf n‐gon nwl kOngruAYNt tweIlW
AsIN vwr vwr mobIAs hw& trnz ‐‐ sYNtr igrd Awm hw& trn dy koNjugyt ‐‐ jo BujWvW
nuM aultw dyn nwl lgWdy hI jw skdy hW[ konW dw joV 2π hon kwrx koeI lokl i&itMg
problm nhIN[1 qy jy tweIlW lgWdy AsI koeI pOAYNt qk do Alg rsqy vI lYNdy hW iehdy
auqy twiel EhIE qrIky nwl DrI jwau ikauNik ifsk isMplI konYkitf hY[

so twieilMg qW bx geI[ pr Agy jy jI kry AYs rYfIAs c vwlI ifsk dI rYfIAl
sYl& homIEmori&zm r 7→ r̃ jo sB iehdIAW lwiexW isdIAW kr dYNdI hY lgw ky AsIN
ieh swrIAW tweIlW nuM Awm n‐gon vI bxw skdy hW[ so hun bIj dy vritisz rYfIAs
1̃ > 1 vwly srkl qy hn[ AYs qoN tweIilMg bxdI hY BujWvw dy imf pOAYNts ivc sYNtrl
sImYtrIz nwl, iblkul kys n = 4 vWg hI, isr& hux plyn dy XukilfIAx ifstYNs dI
jgh ryfIAs c dy ifsk dy kyeIlI ifstYNs dI gl ho rhI hY[�

pr, ieko 1 < c < ∞ nhIN km kr skdw Xuint srkl dy swry kwrfInYlytI n, ijQy
n > 4, sbsYts leI :‐ ikauNik, Xuint ifsk dw isr& Pweynwiet hweIprbOilk eyrIAw
hY ies vfI EpYx ifsk ivc, pr dujy hQ AYsy ien&weynwiet ifsjOAYNt n‐gon hn Ehdy
ivc, Aqy EhnW dW ieko pozIitv eyrIAw hoeygw ‐‐ dyKo myrI 'jyl buk' dw §16.4 ‐‐ jy
EhnW dw XuklIfIAx kys qoN AYNgl fI&Ykt ieko hY[�

'jyl buk' dw igAwn mddgwr hY! ikauN mYNnUM kuJ Aq AwDuink i&izks sm`J nhIN Aw
rhI sI dI smJ EdoN AweI jdoN mYNnuM pqw l`gw iehxW coN iek mhwr`QI dI pMswdI dI ikqwb
jy Eh iek twpu qy iek`lw &s jwvy qW spYSl &MkSnz dI hYNnfbuk sI[

koksYtr. 'ieMtrof`kSn tu jIEmYtrI' (1969) bwry ieh totkw AYs 2008 dy prcy dw
&utnot 17 idMdw hY, Aqy ikxIAW hor vI mjydwr cIzw hn iehdy ivc, msln, gixq dI
eykqw bwry ieh guMjdw AYlwx pyj 10 qy : 'dI tweInIAst ilivMg ibt E& mYQymYitks
iez ien`& tu klon bYk dw ieMtwier bIst!'

ieh hI nhIN, iek 'ilivMg ibt' dI A`q swDwrx auDwrx ‐‐ iek glq (!) &ormulw
kvwfrIlYtrl dy Cyqr&l leI ‐‐ qoN &ut pey sI eyxI jldI eyxy iBMx ivcwr ik mYry ivcwr
c AYs ivcWrW dI kwrtISIAx Dwrw nUM bxw dyxw cwihdY 'ieMtwier bIst'[

1nW hI prOblm hY jy konW dw joV 2π/j hY, so ieh hw& trnz dI vrqoN Xuint srkl dy hr kwrfInYlytI n ≥ 3
&weynwiet sbsYt σ nwl AYsoSIeyt krdI hY tweIilMgz dw iek ien&ynwiet ifskrIt spYktrm! tweIilMgz
&yr ryfIAweI cσ,j > 1 ifskW dIAW, pr n = 3 leI j ≥ 2 zrUrI hY[ A`gy kys n = 3, j = 2 qy n = 4, j = 1

nuM C`f cσ,j &weynwiet hY, Aqy jy j → ∞ qW iehdI lIimt iek hY[
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AYxIvy, ies qoN AYt lIst jnm hoeyAw sI Por hw& trnz (2010) dw, C`q qy bxweI
tweIilMg, ijhdw hux punr jnm ho igAw hY ifgrI cwr dI iekueySnz ivcwrdy, ijs sMDrB
sdky swxu hux sw& idK rhI hY AYs tweIilMg ivc, iek dohrI pYrIEifk holomori&k &MkSn
kOmplYks plyn C qoN rImwx s&IAr S2 qk :‐

drAsl koeI loV nhIN Ajy vI R2 qy komplYks zrb dI, kw&I hY bxwxw iek smJo
kwrtUx ijhw ‐‐ dyKo nwies (2002) ‐‐ AYs mYromori&k &MkSn dw[

twielW idMAw BujWvW dy imf pOAYNts qy hw& trnz qoN jYnyryitf grup tweIlW qy isMplI
trWzitv hY[ plyn nUM iehdy nwl qksIm krky bxdw hY S2[ ieh AYs leI ik iek twiel
idAW cwrW sweIfW nUM EhnW dy imf pOAYNts qy dOhrw krky imldy hn 5 vritiss, 4 AYijz
qy 1 sYl, so Eeylr nMbr 5 − 4 + 1 = 2 hY[ ieh koSYNt mYp R2 → S2 tweIlW idAW
BujWvW dy imf pOAYNts nyVy hI vn‐tu‐vn nhIN, iehxW nyVy ieh tu‐tu‐vn hY[

A`gy AwpW ny not ikqw sI ik Eh Cq vwlI tweyilMg nUM dovyN fweygnlW auqy slwief
krky vI bxweyAw jW skdw hY[ so ieh kvwfrIlYtrl dy doNvyN fweygnl hn ies koSYNt
&MkSn dy iprIAf[ ieh fbl pYrIEifistI zwihr krdw iek &MfwmYNtl rIjn ‐‐ jwxky
Eh jo qusIN soc rhy sI, iek pYrylYlogrwm, qoN kuJ ht ky ‐‐ vI idKweyAw sI AsIN EhI icqr
ivc[2 so koSYNt nuM AsIN &yktr kr skdy hW R2 → T 2 → S2, ijQy phlI ien&weynwiet
AnbrWc`f Awm kvirMg hY tors dI plyn nwl, dujI hY s&IAr dI tors nwl dohrI kvirMg
cwr QWeI cwr iviBMn kImqW auqy brWc`f[�

igAwxI jy qusIN ho smJ gey hovogy hux qk Agy ik hoeygw ifgrI cwr idAW iekueySnz
hl krx dw qrIkw :‐ isDy iekueySn qoN AwpW ilK skdy hW lwXONdr dw lwiex iextYgrl,
iek klozf 1‐&Orm dw, ijhdy koSI pIrIAf hn ieh dovyN vYktr[ pr Xuixt srkl idAW
do hI korfz hn iek vYktr dy brwbr[ so smjho iml igAw kvwfrIlYtrl cwroN rutW
smyq[ mslx, jy AwpW prK cuky hW ik swry rut pozIitv hI hoxy cwhIdy hn, qW mwsw vI
AMqr nhIN bcyAW, pUrw hl ho igAw iekueySn dw ies kYlkulySn nwl[

bVw tyhFw lgdw hY ieh qrIkw isr& ifgrI 4 dy leI hI, pr gl ieh hY ik kuJ hor
km nwl ieh rYlyitivsitklI sB ifgrIz n > 4 nUM jYnyrylwiez ho jWdw hY[

56. svYlotyl ♥ qoN swfw Bwv hY spys swirAW x qy y ivc homojIns ifgrI n iekueySnz
ijnhW dy n iviBx AYkstYNiff rIAl rUt hn[ hW ieko AigAwq x ivc swirAW ifgrI
n iekueySnz dI iehdI sbspys nUM vI AsI kdy AYs nwm nwl hI bulweyAw hY[ hor phlW
n = 3 leI iKXwm dI hor CotI sbspys ijQy rutW dw joV izro hY sI Eh pIlw morpMK, kuJ
Skl Kwqr, kuJ AYs leI ik ieh pMCI EhdI kivqw nwl jWdw hY[

pr mor dI AMgryzI mYNnUM BWdI nhIN, so qrjmw krdy mYN pMCI bdl ky svYlotyl vrqx lg
ipAw, ieh jwxdy hoey vI ik QOm ny ieh Sbd nUM iek nzdIkI isMgulYrItI leI iesqmwl
ikqw sI[ ieh bdlwv dI gl mYN phlW kr cukW hW, kuJ AYNvyN hI hY ieh ijMvy phlW bOl
dw Awm ArQ sI EhdI bwauNfrI[

&yr QOm dy iKAwlW nUM suDwrdy AwrnOlf ny isD kIqIAW sI isMgulYrItIz bwry kuJ jYnrl
klwsIi&kySn QIErmz qy ilKI sI iek ipAwrI ikqwb, 'kYtOstrO& QIErI' (1984)[ ies
ivc vI 'svYlotylz' vK vK isMgulr sYts hn pr zwihr hY ‐‐ dyKo 2004 AMgryzI AYfISn
dy pxy 34, 37, 85, 89, 90, 101, 109 Aqy AMq ivc svwl nMbr 5, 6, 15, 41, 52,
69, 70 qy Kws kr 77 ‐‐ ik lyKk nuM iknHw kuJ AYsw pqw sI spyisz E& iekueySnz
bwry ijhdI AwpW Ajy gl SurU vI nhIN kIqI[

2pr s`B qoN shI &MfwmYNtl rIjx sI hYkswgnl XuinAx do juVvIAW tweIlW dw! jy n ≥ 5 qW ieho XuinAx
J`t idMdw hY koSYNt mYp dy &Yktr B2 → M2 → S2, ijQy phlw XunIvrsl kvirMg hY klozf sr&Ys M2 dI,
Aqy dujw S2 dI dohrI kvirMg iek iek vwr n (jy ieh eIvx hY) XW n+ 1 pOAYNts qy brWc`f[
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pr lOtdy khwxI nUM jo cwlU hY, n‐svYlotyl ♥n srjYkt krdI hY srkl L̂ qy &wiebr
(n− 1)‐bOl nwl, pr n eIvx leI ErIAYNtybl nhIN :‐ srjYkSn lY lo svYlotyl dI hr
iekueySn dy n iBMx rUtW xi dw joV, ijQy jy koeI xi = ∞ qW joV ∞ hovygw[ swry prI‐
iemyj topoloijkl (n− 1)‐bOl hn, msln ∞ kImq hY isr& qy isr& Eh sB iekueySnz
dI ijnhW dw iek rut x = ∞ hY[ Eh n‐bOl jo svYlotyl dy bwkI sB pOAYNt bxWdy hn
EhnuM qW AwpW clo rutW dy Erfr x1, . . . xn−1, xn nwl ErIAYNt kr skdy hW, pr jdoN
sB qoN v`fw rut xn ieni&nYtI tp sB qoN Cotw bx jWdw hy, ErIAYNtySn dyxI cwhIdI hY
xn, x1, . . . , xn−1 nUM, ijhdI pYrItI iBMn hY n eIvx leI[� do swl phlW n = 2 leI
ieh mobIAs stirp nwl hI mYN bIj gixq dw mul mslw KVW ikqw sI[

auqlI projYkSn, rUtW xi dw joV, nUM prIzrv kridAW hn ∞ nUM i&ksf rKdIAW L
dIAW trWslYSnz; ieh nhIN ivKwauNdI ikMvy sB qoN v`fw rUt 'ieni&nYtI tp' sB qoN Cotw
bx jWdw hY[ mobIAs jIEmYtrI p`KoN ∞ srkl L̂ dy bwkI pOAYNts vWg hY, so ibhqr hY L̂
nUM Eh gol rY&lYkSn auprWq R2 dw Xuixt srkl S1 mnxw, qy A`gy AYs qy AYkt krdy
bybI grup G dy rotySn sbgrup nUM S1 nwl hI Awm vWg iefYNtI&weI kr dyxw[ so iml geI
hy swnUM ieh bybI sbgrup sdky S1 auqy bybI zrb ‐‐ gMmBIr gixqkwrW leI kOmplYks
mltIpilkySn! ‐‐ qy AwpW hux vrqWgy Q`ly n‐svYlotyl qoN srkl auqy projYkSn jo idMdI
hI iekueySnz dy rutW xi nwl bMDy S1 dy n pOAYNts zi dI bybI zrb[ AYs qoN &`t pqw lg
jwauNdw hY kw&I kuJ n‐svYlotyl dI srklz nwl &olIeySn bwry :‐

ieh projYkSn
∏

zi qW AYNgl 2π/n bwd hI srkl nUM kvr kr lYNdI hY pr svYlotyl
dI ieko S1‐Eribt AYxy ivc hI pUrI huMdI hY, horW nUM lg skdy hn n dy iksI vI hor
fIvweIzr ijny &yry : ikxy &yry lgdy hn inrBr krdw hY iknHw rYgulr hY zi vritisz
vwlw ienskrweIbf n‐gon[ ieko &yrw EdoN qy EdoN hI kw&I hY jdoN n‐gOn purW rYgulr hY,
qy ieh sB svYlotylz idAW iekueySnz ieko S1 Eribt qy hn[ msln jy n prwiem hY
qW bwkI sB Eribts pury n gyVy mwridAW hn g`BlI Eribt dy igrd[�

iKXwm qoN cl ivcwryAw jWdw ikauibks dw kys n = 3 vI idlc`sp hY ieh topolojI
p`KoN, 3‐svYlotyl dI bwauNfrI dIAW sB Eribts hn twiep (3, 2) tors nOts :‐ jy z1
iek isMpl qy z2 iek fbl rut (nwl bMDy) hn qy S1 × S1 qy projYkSn (z1z

2
2 , z1z2) dI

pIrIEfIsItI hY (2π/3, π)[ phly lot jo AwpW dyK cuky hW ilimt ivc pUry 3 &yry lau ieh
kIauibk dI Eribt, dujy lot vI pUry 2 &yry l`gxgy, BWvy z1 qy z2 Awmxy swmxy nW hox,
π dI rotySx bwd mltIplIistI jo bdl jwau[ rhMdI kspweIfl krv, ikauibks ijhnW
dw trIpl rut hY z, auqy ilimt projykSn (z3, z2) &yr hY twiep (3, 2)[�
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zImYn 'dI Ambilk bryslYt AYNf dw fbl‐ksp kYtOstrO&' (1976) ivc lwgy dI
jmYtrI, RP 3 dy duhry kvr S3 au`qy ‐ hux AYkSn mYtirisz A ∈ SO(2,R) dw hY nW
ik iehnW dy joVyAW ±A dw ‐ nuM ivcwryAw jw ryhw hY, ijQy gMfW Kul ky bryslYt qy (3, 1)
An‐nOts bx jWdIAW hn, qy kYtOstrO& ijs dI gl ho rhI hy, Eh nyVy hY RP 3 auqy grw&
G jo fI&wien krdy hn ikauibks dy sB rIAl rUts[

QIErI E& iekueySnz ‐ hW bweI! pOlInOmIAl iekueySnz ‐ jo mYN nrwly qrIky nwl
muF qoN ivkisq kr ryhW hW ieko AgIAwq x idAW iekueySnz bwry hY[ Kurpy nUM Kurpw hI
kihnw cwihdw hY dy vwk qy cldy, mYN qW sMDrB dyKdy hoey Suru qoN hI nIiJjk ieh XW Eh
spys E& iekueySnz dI glHW kr ryhw hW, pr pqw nhIN ikauN, sB log ijnhW dw kMm mYNnUM
kuJ nzdIkI id`KyAw, ies kudrqI &ryz dI vrqoN qoN kqrWdy hI idKy!

fuAl AigAwq y (XW t twiem) dy AYkspilist izkr bgYr BwSw ivc srlqw hY[
muK glH qW ieh sI ik ieko ifgrI n qoN kudrqI hY sB ifgrIAW ≤ n idAW iekueySnW
ivcwrxw[ qd, bySrqy AsIN ieklOqI ifgrI izro dI iekueySn nW BulIey, ieh krx nwl
spyiss bx jWdIAW hn kOmpYkt[ ijMvy ik, ifgrI 1 idAW sB iekueySnW dI spys hY iek
ryKw ‐ i&lhwl jo ieh 'rIAl nMbr' hI hn swfy kol ‐ L, pr ifgrI ≤ 1 idAW bxWdIAW
hn srkl L̂, Aqy AYNvyN hI cldy, sB ifgrI ≤ n idAW RPn[

pr n ≥ 2 leI swfw &oks hY hd RPn dw n‐fweImYnSnl sbmYnI&olf ivd bwauNfrI,
klozf n‐svYlotyl ♥n, jo hY spys swrIAW x ivc ifgrIz 0 ≤ j ≤ n iekueySnz dI,
ijhnW dy swry j rUt rIAl hn[ iehdIAW sB iekueySnz nUM AsIN homojIn`slI ifgrI n
dw vI smJW gy, ieh khMdy hoey ik bwkI n− j rUt ∞ qy cly gey hn[ msln, ifgrI 0
iekueySn 1 = 0 dy 0 rIAl rUt hn, pr jdoN iehnUM ivcwr rhy hW AsIN klozf n‐svYlotyl
ivc, iehdw ∞ mltIpilistI n dw rUt hY[

so n‐svYlotyl ♥n hY spys swrIAW x ivc ifgrI n idAW iekueySnz ijhnW dy n iBMn
AYkstYNiff rIAL rUt hn, mqlb, ifgrI n XW n−1 idAW ijhnW dy rUt rIAl qy iBMn hn[
phly Epx n‐sYl Σn dw kloXr hY ♥n qy dujy (n−1)‐sYl Σn−1 dw hY sbsYt ♥n−1 ⊂ ♥n

jo ienkluXxz bybI AYkSnz nhIN prIzrv krdy[ ieh vDdIAW spyiss dw AnMq XunIAx
idMdw hY swxUM spys ♥∞ swrIAW x ivc iekueySnW dI ijnhW dy sB rUt rIAl hn jo spys
kOntrYktIbl hY[ svYlotylz Swied kw&I hn ikxy nqIjyAW leI jo kOmplYksI&wief bybI
XwxI ik pIkwr‐lY&sSYts AYkSn dI vrqoN rWhI isD ikqy gey hn[

jy AwpW fuAl AigAwq vrqdy qW svYlotyl ♥n qy EhI rhMdI pr sYl Σn Aqy Σn−1

ijnhW dI ieh ifsjOAYNt XuinAx hY bdl jWdy[ ikauNik, iksI iekueySn dI fuAl imldI
hY x dI QW 1/x put krx bwd fInOmInYtr sw& krky[ XwxI ik, ieh Eh iekuySn hY ijhdy
rUt id`qI iekueySn dy rUtW dy ienvrs hn[ AYNvyN hI AsIN skUly x dI QW −x put krdy
rUtW dw swiex bdldy sW, sB rUtW ivcoN ieko a mn&I krx leI x dI QW x + a ilKdy
sW, qy sB nUM ieko nOnzIro nMbr b nwl qksIm dyx leI x dI QW bx sbstIcut krdy sW[
so skUlI gixq qoN hI zwihr hY ik iekueySnz dy sMDrB ivc nMbr ryKw nUM pUrw kr L̂ dI
bybI XW mobIAs jmYtrI G iesqmwl krxI cwihdI hY[

ies bybI jmYtrI dI homojYnweytI auBr AweI sI iehnuM iek gol rY&lYkSn auprWq L
dy tYNjYNt Xuint srkl auqy ivcwrx nwl[ qy nwl hI iml igAw sI AYs dIAW rotySnz dw
sbgrup S1 ⊂ G[ ijs dw bybI, XwxI ik sbstIcuSnz nwl, AYksn &olIeyt kr idMdw
jI svylotyl nuM srklz ivc[ sYl Σn−1 nUM vI ♥n dw hr S1‐Eribt ktdw hY qy n dy
hr fIvweIzr ijnI vwr kt skdw hY :‐ msln Σ1 nUM mobIAs stirp ♥1 dw g`Blw
z1 = −z2 Eribt isr& ieko vwr ktdw hY, pr bwkI do vwr; AYNvyN hI iksI n leI iknI
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vwr inrBr krdw hY iknw rYgulr hY n‐gon z1 . . . znz1[�
klozf mobIAs stirp ♥2 dw bwauNfrI srkl, dono ruts brwrr, Aqy iehdy pOAYNt,

dono rUts ∞, qy Σ1 dw XuxIxn srkl ♥1 bxWdy hn iek`Ty iek AwTw 8[
AYsw AwTw sOilf tors ♥3 dI bwauNfrI auqy nUM ientIrIAr ♥3 dy 2‐sYl Σ2 ivc

joV bxdI hY klozf mobIAs stirp ♥2 ⊂ ♥3[ svYlotYl ♥3 dw hr pOAYNt iqx AYsIAW
mobIAS stirps dw ieMtrsYkSn hY : ‐ sYl Σ2 sI swrIAW kIauibks ijnhW dw iek rUt
∞ hY; lY lo hux AYsy Eh iqx 2‐sYl swrIAW kIauibks dy ijhnW dw iek rUt hY a, b XW c
ijQy ieh iqx hn id`qI kIauibk dy iqx vKry rUt[�

ieh hI Kyl n‐svYlotyl ♥n ivc cldw hY[ hr AYkstYNiff rIAl nMbr a ipCy hY
iehdy ivc (n − 1)−sYl jo bxWdIAW hn swrIAW iekueySnz ijnhW dw a iek rUt hY[
ivpRIq pyAr‐(XW 2)‐vwiez ifsjOAYNt (n− 1)‐sYlz jo sn

∏
z1 . . . zn dy &weIbr, ieh

sYlz dw t`br hY isr& (n+1)‐vwiez ifsjOAYNt pr ♥n dw hr pOAYNt hY n AYsy sYlz dw
ieMtrsYkSn[ A`gy, Ly lE hr iqx sYlz dw ieMtrsYkSn, bybI grup G trWzitvlI AYkt
krdY ieh tirpl ieMtrsYkSnz dy t`br qy, so n ≤ 3 leI ♥n ieko G‐Eribt hY :‐ id`qy
koeI iqn nMbrW coN iksI nUM ienvrSn nwl mYp krdo ∞ auqy, iehnuM i&ksf rKdy dujy doAW
coN iksI nUM lwiex dI AweIsomYtrI nwl mYp kr do 0 auqy sc dYt qIjw hux AYs qoN v`fw hY,
AwKr ∞ qy 0 doAW nUM i&ksf rKdy iek hOmoQYtI ieh qIjy nUM bxw daU 1[�

mYN bhuq hI Sukrguzwr hW krqw purKu dI bKsIs dw, Aqy jy EhnUM mrzI hoeI ieh
khwnI hor kuJ A`gy qorx dI koiSS krUMgw[

ky AYs srkwrIAw 11‐30 AprYl 2019

(Bwg pMjvyN dI cl rhI hY tweIipMg)
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