
12. bMD id`qw hY not 11 ny morpMK qoN bwhr ikauibks dw hl A`qy A`D ryKWvW α⃝ nUM
‘f`bl' krxw[ AYNvy hI, f`bl krxw hr k > 1

2 leI Syp AYs S ⊂ G dy projYkSx mYp
(x, y, z) 7→ (x, y) nUM lwl krvz qy K`qm sYgmYNt y = k dy au`qy, dw sMb`D hY Ehdy AMdr
ikauibks nUM hl krx nwl[ ieh f`bilMg iek srkl nUM iqx vwrI lpytdI hY iek hor
srkl au`qy :- sYgmYNt dy doAW isryAW dy vI hux iqx prI-iemyj hx ikauNik AMdr vwly
prI-iemyj idAW do nklW hx[ �

13. g`lH ieh hY ik rIA`l A`l j`br A`qy AYNglz dy qIjy ih`sy dI vrqoN kw&I hY morpMK
dy ikauibks dy hl leI[ ikauNik, au`qlI Awrk S ⊂ G nUM vWhdy hn x = X cos 3t, y =
k, z = Z cos t, ij`Qy Z A`qy −Z/2 rUt hn AwpxI sYgmYNt dy s`jy isry (X, k) au`qy :-
not 4 d`sdw hY k = 1

2 + 3
8Z

2 A`qy X = 1
8Z

3, so pOAYNt (Xf(t), k, Z cos t) swry t leI
sr&Ys 2x + 2yz = z + z3 au`qy EdoN qy EdoN hI hY jy f(t) = 4 cos3 t − 3 cos t, i.e.,
f(t) = cos 3t[� ikauibks nUM hl krx leI AYmplIcIauf X = X(k) dy hr isnusoeyfl
moSn nUM qbdIl kro iqx AYmplIcIauf Z = 2X

1
3 dy isnusoeyfl moSnz iv`c ijhnW dI

&rIikauAYNsI iek iqhwhI A`qy AwpsI &yz if&rYNs 120 ifgrI hY[
14. Aljbrw jo A`j vjdw hY SurU hoeyAw vIeytw dy ivSlySn nwl jo Ehxy kwrdwno dy

not 11 ivc idqy A`l j`birk qrIky dw kIqw sI, Ehny hI aup`rlw nOn A`l j`birk qrIkw
idqw sI bwkI ikauibks leI[ iesqmwl pihly dw idMdw hY, Syp S idAW G dy y = k
sYkSn iv`c nw-Kq`m mu`CW dw &OrmUlw z = Σ{x±

√
x2 −X2} 1

3 :- ikauNik lwl krvz qoN

Q`ly ik`sI ikauibk ⊙ = (−B
2 ,−

A−1
2 ) dw hl hY α = Σ{−B±

√
B2+4A3/27

2 } 1
3 , hux put

kro α = z,B = −2x,A = 1− 2k ij`Qy k = 1
2 + 3

2X
2
3[ �

15. 'iemYjInYrIz' dI hnyrI SurU ho cu`kI sI, pr kuJ hor do sO swl bwd, so hux qoN
Exy hI vHry pihlW, AwrgON ny g`L k`F hI id`qI ik drA`sl ieh ‘klipq' nMbr C A`slI
nMbrW qoN dugxy A`slI s`x : R2 ivd koErfInyts dw joV, A`qy iek prof`kt jo ErIjx
qOM durIAW nUM zrb A`qy nwl hI AYNglW nUM jmW krdw hY[ A`gr ieh kOmplYks nbMrW
C dI vrqoN ikqI jwvy qW auprokq A`l j`birk &OrmUlw hl krdw hY swrIAW ikauibks
⊙ = (−B

2 ,−
A−1
2 ) ∈ C2 = R4 iksI do-plyx y = k idAW, ivd (±X, k) ikauibks

ijhnW dy do rUt brwbr hn, A`qy AwpW jmW krWgy Eh kImqW iqx-kImqI komplYks srfz
idAW jo iehxW dy hl nUM ivsqwridAW hn[

16. prqdy R nUM, AwpW not krdy hW ik G dy poAMt Evr x = 0, i.e., ryKw 0O swry ⊙
dI ijhnW dw iek rut 0 hY, sYits&weI z = 0 XW z = ±

√
2y − 1, do irAl A`l j`birk

&OrmUly[ A`gy, Evr A`D-ryKw y ≥ 1
2 , x = 0, ieko &ormUlw z = ±1

2

√
2y − 1± 1

2

√
2y − 1

kw&I hY, jO dsdw hY ik G dw iqx-q`hrI hoxw bwDw nhIN AYsy vrnx leI[ moAr jYnrYlI,
G dy poAMt Evr koeI α⃝, i.e., lwiex 2x+ 2αy = α+ α3, sYits&weI z − α = 0 XW
2y = 1 + z2 + αz + α2, i.e., z = α XW z = − 1

2α ± 1
2

√
8y − 4− 3α2, doxoM rIAl

A`l j`birk jy α ∈ Q[ pr, jy α ̸= 0, AwpW G dw α⃝ dI AD-ryKw y ≥ 1
2 + 3

4α
2 Evr

v`rnx isr& iek A`l j`birk &OrmUly nwl nhIN kr skdy :- ikauik &yr, not 8 vWg,
ies A`D-ryKw dI iek sYgmYNt au`qy Eh topolojIkl AYs Ebstr`kSn hY[�

17. AwpW vrqoN kIqI, jy iek rIAl A`l j`birk &ormUlw iek-kImqI nhIN, qW Ehdy
grw& dI Erfr do dI iek homIEmor&Izm hY jo projYkSn mYp nUM prIzrv krdI hY :- boh
kImqW &ormUly dy do-kImqI srfz ±( )

1
2n qoN hI auqpx ho s`kidAW hn[ Adlw bdlI

kIsI srf idAW kImqW dI grw& dw Awpxy aupr kONtInuA`s mYp idNdw hy jo &weIbrz nUM
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prIzrv krdw hY[ ikauNik Awpxy &OrmUly dy iek qoN izAwdw Awautput hn koeI ienput
leI, iehxW Kud-ault mYps ivcoN iek zrur AweIfYNtItI qoN iB`x hY[�

18. A`qy vrqoN kIqI AwpW, isr& AYs dI AweIfYNtItI homIEmor&Izm hI projYkSn
nUM prIzrv krdI hY :- moAr jYnrYlI, jy iek projYkSn mYp S → S′ iek sygmYNt idAW
Ef qYhW lgWdw hY, AYsI homIEmor&Izm S dy doAW isryAW nUM i&ksf rKdI hY, so int(S′)

au`qy XunIk kONtInUeySn kwrx swry S nUM i&ksf rKdI hY[� &lsvrup : isr& G dI
AWeIfNYtItI homIEmor&Izm hI projYkSn mYp nUM prIzrv krdI hY[

19. iksI ryKw Evr AYs Syp isr& lwl krvz nUM joVdy pul au`qy hY[ so koeI AYs nhIN
jy y-AYkiss dy smWqr hY ryKw, Aq`y jy x-AYkiss dy qW EdoN hI jy Eh ksp qoN au`pr hY,
qy iksI hor ryKw Evr jy Eh Awp smWqr α⃝ hY XW ksp qy iehdy g`By[ do moV AYs Evr
α⃝ dy hn AYkiss z = −α/2 vwly pYrwbolw dw vrtYks, Aqy k`t iehdw lwien z = α
nwl, do krv ijhnW dw XuinAx hY G dw ieh plyn sYkSn - dyKo not 9, 16 - Aqy ies
AYs Q`ly pul bxWdy hn α⃝ dy poAYNt s`c dYt 1

2 +
3
4α

2 ≤ y ≤ 1
2 +

3
2α

2[ Zor kro ik dUjw
moV s`mUd nhIN, doxo s`mUd hn isr& x-AYkiss dy pYrylYl lwiexW Evr[

20. myrw srl prU& ik G, jo hY iek AljbrwAYk (boh-kImqI) &MkSn dw grw&,
nhIN hY kuJ sYgmYNts Evr iksI vI A`l j`birk--not 8 dy A`rQW ivc--&OrmUly dw grw&
nMvW jwpdw hY[ kvwfryitk jYsw ieko &OrmUlw s`B ikauibks leI tIcw sI A`l kweydy XW
kuMjIAW--KvwriezmI qoN kwrdwno qk--dw, XwxI ik A`l j`br dw, jo hOlI hOlI &yr b`nH
igAw Aljbrw[ pr iehnW doAW nUM A`f kridAW s`q sidAW dorwx hoeyAw iKAwm Aqy
horW dw ikqy vDIAw km smJo Ko hI igAw[ Agr ieh nW huMdw qW dykwrq, ijhny kuJ twiem
bwd spyiss E& iekueySxz nwl CyV CwV kIqI sI, ny hI kIauibks leI ieh AsMBvqw
BWp jwxI sI, Aqy Aljbrw Suru qoN hI hor hoxw sI ....

21. ... pr s`B sMBv jwpdw sI ‘iemYjInYrIz' nwl, XwxI ik C = R2 dI isr& iek hor
fweImYnSn nwl[ nW isr& swry ikauibks hl ho gey--not 15--kOmplYks A`l j`br nwl,
ieh QoVI jyhI hor jghw ny hI--d mvwvr--iek jwdUeI (hux EbvIAs) qrIky nwl bxw
id`qw n-kImqI s`B kOmplYks srfz ( )

1
n nUM[ so, p`kI Aws b`J geI s`B iv`c ik hr ifgrI

n iekueySn nUM C AMdr pUrw hl ik`qw jw skdw hY, Aqy Eh vI kOmplYks A`l j`br nwl[
pihly ih`sy - &MfwmYNtl QIEr`m E& Alj`brw - nUM d`lEmbYr A`qy keI horW nY iB`x iB`x
qrIkyAW nwl G`tw ky xn − a = 0 q`k is`D kr id`qw, pr koeI vI qrIky nUM suDwrky dUjw
ih`sw h`Q nw l`gw[ AwiKr Aws dy ivpRIq dUjw ih`sw JUTw inklyAw &Or n > 4[ iek kwrx
ik rU&IxI dw ies AsMBvqw dw lMbw prU& iksI ny nhIN p`VyAw - koSI dy iKAwl iv`c ieh
shI sI - ieh sI ik EdoN Ajy Aws bwkI sI, pr jdoN q`k Awbl dw izAwdw sw& prU&
AweyAw ieh Aws smJo mr hI cu`kI sI[

22. rIAL srfz dI kImqW dI Adlw bdlI qoN au`qpx iexvoLIaUSnz - not 17 - nUM
A`gy s`mJ`x leI AwpW hux ivcwrdy hW imswl z = ±

√
x2 + y2 − 1±

√
x2 + y2 − 1[

ieh &OrmUlw Xuint s`rkl dy AMdr fI&wiexf nhIN, Ehdy au`qy lYNdw hY ieko kImq z = 0,
Aqy iq`x Alg kImqW z = {2

√
x2 + y2 − 1, 0,−2

√
x2 + y2 − 1} bwhr[ ies grw&

dy homIEmor&Izm jo projYkSn mYp nUM prIzrv krdy hn ieh iqx qYhW nUM iksI vI qrIky nwl
prmIaUt kr skdy hn, pr phlI qy qIjI dI trWspozISn hI au`qpx huMdI hY ienvolIaUSn
qoN[ so, A`l j`birk &OrmUly dw grup, XwnI ik, EhdIAW ienvolIaUsnz dw jYnyryitf grup,
ausdy grw& idAW kv`rieMg trWs&ormYSnz dy grup qoN Cotw ho skdY[
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23. zrUrI nhIN ik iexvolIaUSnz kOimaut krdy hoey g`rup (Z/2)k bxWvn, pr zrUr,
iek rIAl A`l j`birk &OrmUly dw g`rup do AYlImYNts dy g`rup dI tivsit`f pwvr hY:-
&ormUly dy srfz Ehdy fomyx dy iek Epx fYNs sYt au`qy zIro nhIN[ ies Epx sYt au`qy
Ehdw grw& iek-kImqI rIAl koNtInuA`s &MkSnz dy iek &weInwiet sYt dw hY A`qy au`s
idAW ienvolIauSnz ies sYt idAW bweIjYkSnz hn[ swirAW AYsI &MkSnz dI bhuq
v`fI spys klozf hY pOAYNtvwiez j`mHW, m`n&I, z`rb A`qy q`ksIm--iek sdw nOnzIro &MkSn
nwl--Q`ly[ A`gy iesqoN bhOq CotI iek klozf drimAwnI &MkSn spys vI hY ijhdy au`qy
A`pny srfz dI kImqW dI A`dlw b`dlI ieh cwro EpyrySnz nUM prIzrv krdy bweIjYkSnz
XW EtOmori&zm fI&wien krdI hY[ ieh b`nwx leI c`ldy hW AwpW &MkSnz x A`qy y qoN, qy
ijxIAW vI &Mksnz ieh cwr EpyrySnz nwl bndIAW hn iehxW qoN, &yr hr k`dm qy AwpW
lYNdy hW, b`xI sbspys qoN bwhr &ormUly ivc iesqymwl hoey koeI phly srf dI ieko XW donoN
&MkSnz, A`qy iek vwr iPr ijxIAW vI cwrON EpyrySnz nwl hor &MkSnW b`xdIAW hn Eh
vI bnw lYNdy hW, AYNf so En[ hr kdm qoN phly srfz qoN au`qpx grup bxI hoeI klozf
&MkSn sbspys nUM prIzrv krdw hy, A`qy kdm qON bwd dy nMvy grup dy XW qW brwbr hY,
XW Ehdw iek ieMfYks do dw, so nOrml, s`bgrup hY[�

24. morpMK dy iksI Epx sYt q`k ism`q G vI nhIN hY grw& iksI A`l j`birk &OrmUly
dw :- nhIN qW, EhidAW iqx qYhW bxWidAW hx auprokq ‘&weInwiet sYt' &OrmUly dw, A`qy
ieh iqx nwl x A`qy y dy jYnYryt krdy hn ‘drmIAwxI &MkSn spys' dI klozf sbspys[
so, ipCly not kwrx, EhidAW Evr Q(x, y) Etomori&zmz dy grup ivc isr& Erfr 2k

dy AYlImYNts hoxgy[ pr ies dy ault - not 31 Q`ly - morpMK dy Epx sYt au`qy G idAW
qYhW dy koeI vI Elt-pult nUM ivsqwr ky AwpW bxw skdy hW EtOmori&zm[�

25. Eh gu`JI SYh jyhVI t`kr dI hY ies sMdrB iv`c hr Aljbry dI ikqwb iv`c,
jYnrl iekueySn xn+un−1xn−1+ · · ·+u1x+u0 = 0, nUM AwpW dyK skdy hW, hr ivSyS
iekueySn nUM (uo, . . . , un−1) m`x ky, Rn v`joN[ qwhIN, jYnrl iekueySn ijhdy rUtW dw joV
zIro, XW, spys EhnW ifgrI n iekueysnW dI ijhnW dy rUtW dw joV zIro, hY Rn−1, Aqy
iek hor pMCI AbwbIl dy &Mg, svYlotyl kwhWgy EpYx sYt Rn−1 dy nUM jo bxdw hY iekUeySnz
xn + un−2xn−2 + · · · + u1x + u0 = 0 nwl ijhnW dy n v`Kry rIAl rUt hn[ Ehdw
kloX`r hY swrIAW AYsIAW iekueySnz ijhnW dy rUt sB rIAl pr zrurI v`Kry nhIN[ BMfrw
ryhw hy au`qy iek hor fweImYnSn ivc grw& Es (boh-kImqI) &MkSn dw jo hr iekueysn
dy swry rIAl rUt idMdI hY[ jy ies koErfInyt nUM z AwKdy hW qW, Rn−1 au`qy grw& bxdw
hY zn + un−2z

n−2 + · · ·+ u1z + u0 = 0 qoN[
26. AwpW n = 3 leI u0 = B, u1 = A dI vrqoN kIqI sI, so svYlotyl morpMK hI

hY isr& b`dlI hoeI hY koErfInyts dI x = −u0

2 , y = −u1−1
2 , ijs kwrx ryKw α⃝ sB

kIauibks dI ijhnW dw α iek rUt hY dI iekueySn bx geI sI u0 + αu1 + α3 = 0 qoN
2x+2αy = α+α3, rwiet bweIsYktr Es sYgmYNt dw jo joVdI hY (0, 0) A`qy (α, α2)[
ausy qrHW, ifgrI n iekueySnz ijhnW dy rUtW dw joV izro A`qy iek rUt α hY bxWidAW hn
Rn−1 dw hweIprplyn α⃝, ArQwq, u0+αu1+ · · ·+αn−2un−2+αn = 0, ijhdy ivc
jy AwpW put krIey, y0 = −u0

2 , y1 = −u1−1
2 , . . . , yn−2 = −un−2−1

2 , qW bx jWdI jY
2y0 + 2αy1 + · · ·+ 2αn−2yn−2 = α+ α2 + · · ·+ αn−2 + αn[ &yr, α⃝ prpYNfIkul`r
qW hY Es sYgmYNt dy jo ErIjn nUM momYNt krv dy poAYNt (α, α2, . . . , αn−1) nwl joVdI hY
pr jy n > 3 hovy qW Ehdy TIk m`D coN nhIN lMGdw[ dujI qr&, jo sYgmYNt ErIjn nUM
pYrwbolw dy poAYNt (α, . . . , α, α2) nwl joVdI hY Ehdy TIk m`D coN lMGdw hY pr jy n > 3
hovy qW Ehdy prpYNfIkulr nhIN[ so, Swied iKAwm dw qrIkw hr n leI km qW krdw hY
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pr Rn−1 au`qy iek rYlytivsitk XW kyeIlI ifstYNs nwl ? Bwv ieh, ik AwpW hl kr
skdy hW iksI vI ⊙ ∈ Rn−1 nUM Ehdy igrd ieilpsOeyf vwh ky ijhdy swry pOAYNts iek
ErIjn dy smwn kyeIlI dUrI qy hn Aqy EhnUM ieko i&ksf momYNt krv nwl kt ky ? AwpW
ieh vI not krdy hW ik morpMKI koErfInyts ivc grw& G Evr Rn−1 iez igvx bwey
2y0 + 2zy1 + · · ·+ 2zn−2yn−2 = z + z2 + · · ·+ zn−2 + zn[

27. isr& (0, 0) au`qy y = x2 dI cuMmI lYNdw srkl hI iek iKAwm srkl hY:- ikauNik
Ehdw kOntYkt Erfr 3 dw hY pr iqMnW rUtW dw joV 0 hY[� not 2 muqwb`k ksp pYrwbolw
dy AYvolIaut y = 1

2 + 3
4 (2x)

2
3 --EhnUM cuMmdy swry srklW dy sYNtr--qy hY, pr doEN lwl

krvz--sB sYNtr (0, 0) coN lMGdy c`krW dy jo EhnUM CUMdy hn--ies dy au`qy hn[ bwey not
4 lwienz jo lwl krvz nUM tYNjYNt hn α⃝, α ̸= 0, ieh nhIN hn pYrwbolw dy nOrml[

28. hr svYlotyl dI bwauNfrI qy hY iek ksp Aqy do ‘lwl krvz', ArQwq, iekueySn
ijhdy swry rUt 0 hn, Aqy Eh sB ijhnW dy n−1 root ieko α ≷ 0 hn (jy n > 3 qW bohq
kuJ hor vI hy)[ ieh krvz nUM vWhidAW hn &MkSnz u0(α), . . . , un−2(α) fI&wienf
bwey xn + un−2xn−2 + · · ·+ u1x + u0 ≡ (x − α)n−1(x + (n− 1)α)[ iehnW krvz
nUM cuMmdy hweIprplyn hI hn α⃝, α ̸= 0 :- ikauNik hreyk dw Erfr n− 1 dw kOntYkt
(. . . , ui(α), . . .) hY krvz nwl[� iksI vI iekueySn ⊙ ∈ Rn−1 dy rIAl rUt idMdy hn
aus coN lMGdy ieh cuMmdy hweIprplyn, so jy ⊙ svYlotyl ivc hY qW pUry n lMGdy hn[ bySk
ieh iKAwm dy qrIky dw iF`lw ivsqwr svYlotyl nUM hl qW nhIN krdw, pr not 5 vWg
&yr d`sdw hY ik, grw& G hY ifsjOAYNt XUinAx &lYts α∗ dw jo α⃝ dy smWqr iviBx
auNcWieAW α au`qy hn[ &flsrUp, G qW homIEmOri&k hY hmySW Rn−1 nwl, b`t &Or n

ievn, Ehdy Q`ly hY--kOmplImYNt Es EpYx sYt dw jo bxWdy hn iekueySnz ijhnW dy koeI
rIAl rUt nhIN--iek klozf (n− 1)-fweImYnSnl hw&-spYs[

29. pOAYNt (0, 0) pYrwboly y = x2 dw eyfw vI Kws nhIN, drAsl iKAwm dw qrIkw
swirAW ifgrI cwr iekueySnz x4 + Ax2 + Bx + C = 0 leI km krdY, pr AsI Ajy
qk 2-plyn 0O ieh iekueysnz dw ijhnW dw iek rut 0 hY, XwxI ik, sbspys C = 0 idAW
‘ikauibks' vl hI qk rhy sI[ hW, koeI cwr pOAYNt (α, α2), (β, β2), (γ, γ2), (δ, δ2)
iv`d α+ β + γ + δ = 0 ieko srkl qy hn :- ilKo α4 +Aα2 +Bα+C = 0 vgyrw nUM
&yr qoN −C−Bα− (A−1)α2 = α2+α4 vgYrw, so −B(β−α)− (A−1)(β2−α2) =
(β2 − α2) + (β4 − α4) vgYrw, so (−B

2 ,−
A−1
2 ) ryKWvW 2(β − α)x + 2(β2 − α2)y =

β2 − α2 + β4 − α4 au`qy hY jo rwiet bweIsYktr hn sYgmYNts dy jo joVidAW hn (α, α2)
A`qy (β, β2) vgYrw[� so jy AwpW ⊙ = (−B

2 ,−
A−1
2 ,−C

2 ) nUM iekueySn mx lYNdy hW qW
ieh Es lwien qy hY ijs ivc (α, α2, 0) Aqy (β, β2, 0) vgYrw dy rwiet bweIsYkitMg
plynz 2(β − α)x + 2(β2 − α2)y = β2 − α2 + β4 − α4 vgYrw imldy hn[ hl krx
leI, 2-s&IAr ijs dw sYNtr ⊙ Aqy ivAws

√
B2 + (A− 1)2 + (C − 1)2 − 1 hY au`qy

not kro sB pOAYNt (t, t2, 0), ieh t hI iekueySn dy sB rIAl rUt hn[
30. QOm dI svYlotyl, sbsYt R3 swirAW x4+Ax2+Bx+C = 0 iv`d m`ltIpl rIAl

rUts--swfI svYlotyl iehdy kOmplImYNt dw iek kOmponYNt hY, bwkI do idAW iekueySnz dy
zIro XW do rIAl rUt hn--‘lwl krvz' dIAW tYNjYNt lwienz dw XuxIAx hY :- ikauNik cuMmdy
plynz dI ieMtrsYkSn uO∩αO hY swirAW iekueySnz ivd u AYNf α rUts, Aqy jdoN u → α
ieh lwien bx jWdI hY iek tYNjYNt[� auNj hI, swirAW xn+un−2xn−2+· · ·+u1x+u0 =
0 iv`d m`ltIpl rIAl rUts hY XUxIAx Eh sB Rn−1 dy kofweImYnSn do &lYts dw jo ‘lwl
krvz' nUM cuMmdy hn, Aqy izAwdw kofweImYnSnz dy &lYts ies isMgulYrItI nUM strYtI&weI
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krdy hn[ AwrnOlf dI mShUr (ieh C`f mYxU Ajy ies bwry G`t hI pqw hY!) klwsIi&kySn
QIErm qoN jwpdw hY ik jy AwpW dI idlcspI isr& isMgulYrItIz dI topolojI ivc hI hY qW
keI ui nUM AwpW zIro lY skdy hW[ iKAwm dw qrIkw vI ifgrI n iekueySnz ijnHw dy kw&I
ui = 0 hn leI km krdw hY, pr jy n > 4 qW purn hl leI Swied AwpW nUM iesqymwl
krxw cwhIdw hY ieh kudrqI lInIAr str`kc`r svYlotyl qy?

31. QOm qoN bhoq phlW kyeIlI ny dyK il`qI sI EhdI svYlotyl pYdw huMdI ieilpsoeyfl
vyv&rMt ivc, Aqy kuJ dhwky bwd kronYkr ny iehdw purw vrnx dy idqw sI[ dujy ny
ru&InI-Awbl vl jWdw iek soKw rwh vI Kol id`qw isD krky ik, hr pOlInoimAl spilt
kr jWdw hY iek ‘XunIk' &Ilf ivc--dyKo Awritn, ‘gwlvw QIErI', p`xy 29-32, A`qy p`xy
74-76 au`sy ivc imlgrwm ilK`q AYplIkySnz dy--ijsqoN inkldw hY ik Ehdy n rUts
dy koeI ault-pult nUM ivsqwr ky AwpW bxw skdy hW Etomori&zm[ not 25 qoN zwihr hY
ik ‘iek jYnrl iekueySn' iek topolojIkl AweIfIAw hY, so rU&IxI qy Awbl muF qoN hI
Gol kr rhy sI iek topolojI dy svwl nwl (ies qy zor id`qw sI AwrnOlf ny kuJ lYkcrz
ivc pr--A&sos!--iehnW dy not aus ny Kud Awp nhIN ilKy) Aqy aupr-ilKq p`xyAW dI
AwrgumYNt vI shI ArQW ivc topolojI dI hI hY[ ies ivc hlkIAW qbdIlIAW kr ky
isD ho jWdw hyy ik - not 24 - svYlotyl dy koeI EpYx syt au`qy G idAW n qYhW dy koeI
ault-pult nUM ivsqwr ky AwpW bxw skdy hW Etomori&zm[

32. not 6 vWg jy AwpW klozf svYlotyl dI G ivc pul-bYk ivcoN k`F idMdy hW poAYNts
jo EhdI bwauNfrI Evr hn qW b`cdIAW hn, svYlotyl idAW n nklW jo Ehdy nwl joVdw
hY (u0, . . . , un−2, z) 7→ (u0, . . . , un−2)[ ieh nklW, Evr iekueySnz ijhnW dy pozIitv
Aqy nYgyitv rUtW dw jOV ±1 hY, hn iek sbifvweIiff EpYx (n− 2)-bOl dy n tOp sYl[
iehxW idAW prmUtySnz ivcoN kuJ hI sbifvIXn nUM prIzrv kridAW hn, pr not 12
vWg iek f`bilMg qoN c`ldy, Swied not 13 dy vIeytw dy qrIky nUM vI Dur qk ivsqwryAw jw
skdw hY ? [ A`j 23/04/18 mYN kih nhIN skdw, pr ieh p`kw hY ik

33. iKAwm dy qrIky nUM Dur qk ivsqwryAw jw skdw hY, Xukilf dy mItirk nwl hI,
pr hux momYNt krv dw Bwv kuJ cOVw hY :- ieh Rn−1 dI krv P bxWdy hn hweIprplynz
α⃝ ivc iek siQr p ∈ Rn−1 dy swry pRiqibMb[ svYlo koErfInyts ivc α⃝ dI iekueySn hY
αn + un−2α

n−2 + · · ·+ u1α+ u0 = 0 Aqy Ehdy prpYNfIkulr p = (p0, p1, ..., pn−2)
ivcoN lMGdI ryKw hY u0 = p0+ t, u1 = p1+αt, . . . , un−2 = pn−2+αn−2t[ so ijQy donoN
ktdy hn EQy t dI kImq hY t(α) = −αn+pn−2α

n−2+···+p1α+p0

α2(n−2)+···+α2+1
Aqy α⃝ ivc p dw imr`r

iemyj hY P (α) = (p0 + 2t(α), p1 + α2t(α), . . . , pn−2 + αn−22t(α)), α ∈ R[ ikauNik
P (α) − p dy lgwqwr Anupwq α hn, AwpW Awrwm nwl pV skdy hW iksI vI iekueySn
⊙ ∈ Rn−1 dy swry rIAl rUt α Eh kwtW qoN jo ies i&ksf krv P au`qy bxWdw hY sYNtr
⊙ Aqy p ivcoN lMGdw (n − 2)-s&IAr[� jy n = 3 qy p = (0, 1) qW P hY iKAwm dw
mUl pYrwbolw, Aqy jy n = 4 qy p = (1, 0, 1) qW s`mJo not 29 dw, vgYrw[ ik ieh mwVI
ifstOrSn t(α) nUM vI hux lWBy ikqw jw skdw hY ifgrI n homojInIAs rIAl iekuSnz
unxn + un−1xn−1y + · · · + u1xyn−1 + u0yn = 0 nUM s&YrIkl mItirk dI vrqoN nwl
iesI prkwr hl krdy hoey ? ies k`sr nUM C`f, A`qy hW kOmplYks rUtW nUM C`f, ieh bVI
hI idlcsp glH hY ik, bIj gixq dy mUl msly dw iek hl Emwr dI s`B qoN ipAwrI r`cxw
nUM ivsqwr ky hI iml jWdw hY ! ]

bOhq kuJ rih igAw jo mYN khnw cWhdw sI pr hux khwxI Agy qury gI--jy vwihgurU dI
myhr rhI qW--myry ies qwry dy igrd Agly gyVy dorwx[ 11 AprYl 2018]
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