
s`B qoN ipAwrI r`cxw, Bwg pMjvW

57. zrurq qoN kuJ izAwdw isD kr id`qw auqy! XwxI ik, L̂ dy iksI Erf`rf tirpl
qoN iksI hor qy lY jWdw hY swxU G, ijQy ik, jwxw sI swxU isr& iksI AnErf`rf tirpl
qoN iksI hor qy[ ieh kMm G dw ErIAxtySn prIzrivMg sbgrup G0 vI kr idMdw hY, jo dujy
ErIAxtySn rIvrisMg kOmponYNt nwl ♥3 vWg topoloijklI Epx soilf tors hI hY; A`gy,
G0 dw bybI AYkSn kvr krdw hY svYlotyl ♥3 nUM iqx vwr:‐ G0 dI hr trWs&ormySn nUM
AwpW ilK skdy hW iek rotySn, zrby ∞ nUM i&ksf rKdI iek trWslySn, zrby 0 qy
∞ doxW nUM i&ksf rKdI iek homoQYtI[ A`gy, Cy hI AYlImYNt hn G dy jo iksI Erf`rf
sYt (a, b, c) nUM AYs idAW Cy prmutySnz qy mYp krdy hn, iehnW coN iqx ijhVy eIvx
prmutySnz qy lY jWdy hn Eh hI G0 ivc hn[�

sw& hY ik bybI grup G qy isMpl sbgrup G0 hI kudrqI hn, dujy dy mYksIml kompYkt
XW mYksIml eybIlIAx sbgrup S1 dy swry konjugyt brwbr hkdwr hn swfI qv`jo dy[ so
lE kuJ G0 dy AYkSn Q`ly ♥n, n ≥ 3 dI &olIeySn bwry :‐ ieh AYkSn rUtW dw sweIkilk
Erfr kwiem rKdw hY[ so Eribts jo hn EpYn soilf 3‐torweI qy G0‐AYkSn EhxW
nUM n dy iksI fIvweIzr ij`nI vwr kvr krdw hY[ ikhVw fIvweIzr inrBr krdw hY
AYs qy ik G0 dy AYkSn qk sweIkilk grup Zn dw ikhVw sbgrup idMdw hY polIgn
conv(z1, . . . zn) dI sb qoN izAwdI rYgulYrytI[�

nW isr& n = 3 pr n = 4 leI vI fIvweIzr 1 nhIN sMBv AYs kvirMg nqIjy ivc,
G0 dw svYlotyl ♥4 au`qy AYkSn iek EpYx soilf torl p`qy nUM 4 bwr kvr krdw hY, Aqy
bwkI s`B nUM 2 bwr :‐ iksI iekueySn au`qy lgw ky rotySn qy trWslySn AwpW nUM iml jWdI
hY iekueySn ivd rUts {x1 < 0, x2 = 0, x3 > 0, x4 = ∞}, qy lgwky 0 qy ∞ nuM i&ksf
rKdI iek homoQYtI AwpW mx skdy hW x1x3 = −4[ gOr &rmwE hux iehnW nwl bMDy S1

dy pOAYNt z1, z2 = T, z3, z4 = −T[ konfISn |x1|/2 = 2/x3 dsdI hY ik kOrf z1z3
gol SISy dy sYNtr −T qy n`by ifgrI dw AYNgl bxWdI hY[ so z3 = −z1 vI AYNtIpofl hn[
phlw kys EdoN qy EdoN hI vwprdw hY jdoN ivAws z1z3 vrtIkl hY[�

so kuJ ieh qsvIr swmxy AWdI hY, ♥4 dy hr sOilf torl G0‐Eribt Q`ly hY mobIAs
stirp ♥2 dw iek A`DI spIf nwl cldw S1‐Eribt :‐ ivAws z1z3 qy z2z4 drmIAwn
AYNgl 0 < θ ≤ π/2 inSicq krdw hY G0‐Eribt[ Q`ly S1‐Eribt qy hY Eh kvwfryitk
ijhdy do rUts nwl bMDy S1 auqy pOAYNts hn z21 = z23 qy z22 = z24[ ijhnW drmIAwn AYNgl
hY 2θ, g`BlI Eribt leI π, qy stirp dI bwauNfrI vl 0 nyVy[�

hor vI A`DUrI hY Ajy myrI smJ AYs iqx‐fweImYnSnI p`qyAW vwlI bybI &olIeysn dI
jy n > 4, pr AYxw qW sw& hY ik, hr ♥n dy p`qy ivc hY zrUr iek iekueysn ijhdy rUt
hn krmvwr {0, 1, x3, . . . , xn−1,∞}:‐ p`qy dI koeI vI iekueySn ijhdy iksI vI rUt qoN
cldy srkl L̂ dy ies sweIkilk Erfr ivc krmvwr rUt hn {y1, y2, . . . , yn} qy lgwE
G0 dI ieklOqI trWs&OrmySn s`c dyt y1 7→ 0, y2 7→ 1, yn 7→ ∞[�

ieh ieklOqI y 7→ x = y−y1

y2−y1
· yn−y2

yn−y vjdI hY 4‐t`pl (y1, y2, y, yn) dI krOs‐rySo,
A`qy AYs fY&InySn qoN zwihr hY ik ieh G0‐AYkSn Q`ly ienvyrIAYNt hY[ not sYgmYNt XW
A`D ryKw (y1, yn) dy koeI 2‐t`pl (y2, y) ivc kyAlI ifstYNs vI ieh hI rySo sI, isr&
AYfIitv bxwn leI A`gy log Awid ilK idqw sI[ ijs dy shwry iksI EpYx XukilfIAx
konykitf sYt U , ijhdy ivc nhIN koeI pUrI ryKw, dy iksI vI 2‐tpl ivc AsIN fI&wien
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kIqI sI rYlYitivsitk dUrI[ pr jy swxU koeI vI bwauxfrI bMidS dw shwrw nhIN kbUl
qW Swied 2‐tpl C`f swry 4‐tpl ivcwrxy cwhIdy hn : iksI vI fImYnSn n dy s&IAr
Ê dy koeI vI 4‐tpl (P,Q,R, S) nwl bMDI hY krOs‐rySo PR

PQ · QS
RS Aqy bweIjYkSx jo

iehxW nUM prIzrv krdy hn Eh hI hn Ê dy swry mobIAs trWs&OrmYSn[
pltdy, ♥n dy iksI p`qy ivc iekueySnz ijhnW dy rUt hn {0, 1, x3, . . . , xn−1,∞}

jwpdw hy ik iehnW dI kul qYdwd n dw koeI fIvweIzr hY :‐ krOs‐rySo dI ienvyrIAYNs
drswaoNdI hY ik swfI fY&InYSn nhIN fIpYNf krdI iks p`qy ivc iekueySn qoN AsI c`ly sI,
pr hW, ieh inrBr krdI hY iehdy ikhVy rUt y1 ∈ L̂ nUM AwpW AYs srkl au`qy phlw mx
il`qw sI[ so AwpW cl skdy hW AYsI p`qy ivc iekueySn qoN ijhdy rUts nwl bMDy S1 dy
pOAYNts sB qoN izAwdw sIkilklI sImYtirk hn[�

mslx, ♥4 dy iksI p`qy ivc hd do hn ivd rUts {0, 1, t XW t
t−1 ,∞}, so ieh bybI

&olIeySn dy p`qyAW dI spYs hY (1,∞) dw ienvoluSn x→ x
x−1 Q`ly koSYNt :‐ swfI fY&InYSn

dyKx nUM idMdI hY cwr iekueySnz ivd rUts {0, 1, ti,∞}, i ∈ Z/4Z ijQy ti hY krOs‐rySo 4‐
tpl (yi, yi+1, yi+2, yi+3) dI[ krOs‐rySo dI ienvyrIAYNs sdky iehnW coN phlI iekueySn
vI AsIN iesqmwl kr skdy hW[ jy t1 = t qW ieh idMdw hY t2 = ∞−1

t−1 · 0−t
0−∞ = t

t−1 ,
t3 = 0−t

∞−t ·
1−∞
1−0 = t, t0 = 1−∞

0−∞ · t−0
t−1 = t

t−1[�
so ♥4 dy p`qy idMdy hn ieh t ∈ (1, 2] Xw Eh θ ∈ (0, π/2] A`qy tan θ

2 =
√
t− 1 :‐

lgw ky trWslySn x 7→ x − 1 rUts {0, 1, t,∞} bx jWdy ny {−1, 0, t − 1,∞}, &yr
hOmoQYtI x 7→ 2√

t−1
idMdI hY {− 2√

t−1
, 0, 2

√
t− 1,∞}, ijhdy S1 ivc kvwfrIlYtrl dy

doxoN fweygnl ivAws hn[ EhxW drmIAwx AYNgl θ dugxw hY Es AYNgl dw jo horIzYNtl
nwl (−1, 0) qy (1, 2

√
t− 1) joVdI lwien bxWdI hY[�

l`gdw hY ieho spYSl iekueySnz {0, 1, x3, . . . , xn−1,∞} dI vrqoN qy kuJ hor qr`dd
nwl AsIN smJ hI lvWgy kIsI vI ♥n dy p`qyAW dI spys[ pr ieh rwh pYx qoN phlW AsIN
Xwd krdy hW ‐ dyKo (50.38‐9) ‐ ik iehxW idAW hw&‐trnz tweIilMgz vI spYSl hn
ijs qoN sw& nzr Awx lg pYNdw hY ik hor nhIN qW koeI AYsI iekueySn nUM hl krx leI
qW iek hweIprieilpitk ienitgrl dy pIrIAfz dI kYlkulySn kw&I hoxI cwhIdI hY[
A`gy zwihr hY ik AY&wiex (n− 3)‐svYlotyl dI koeI id`qI iekueySx nUM hl krx dI jgh
AwpW hl kr skdy hW iek n‐svYlotyl dI spYSl iekueySn[

svYlotyl ♥5 dy koeI G0 Eribt ivc hY zrUr iek kivMitk ijhdy rUt hn krmvwr
{0, 1, u, v,∞} A`qy nwl hd hor cwr spYSl iekueySnz jo iml jWdIAW hn iehdy koeI
iqn hor sIkilklI krmvwr rUtW nUM (∞, 0, 1) bxw ky[ EhI krOs rYSo kYlkUlySnz nwl ieh
hn dUjI {0, 1, u(v−1)

v(u−1) ,
u

u−1 ,∞}, qIjI {0, 1, v−1
v−u ,

u(v−1)
v−u ,∞}, cOQI {0, 1, vu ,

v−1
u−1 ,∞}

Aqy pMjvIN {0, 1, v
v−1 ,

v
v−u ,∞}[isr& iek p`qy nUM C`f, ijs idAW pMjo spYSl kivMitks

brwbr hn, ♥5 dy hr p`qy idAW ieh iekueySnz iek dujy qoN iB`x hn :‐ jy phlI qy dUjI
brwbr hn qW v = u

u−1 sdky u = u(v−1)
v(u−1) = v−1 = u

u−1−1 = 1
u−1 XwxI ik u hY golf`n

rySo 1+
√
5

2 qy v = 3+
√
5

2 [ AYsI hI hor mihxq krdy qusIN hux cYk kr skdy ho ik d`rAsl
koeI do iekueySnW EdoN qy EdoN hI brwbr hn jdoN (u, v) = ( 1+

√
5

2 , 3+
√
5

2 )[� pr prU&
K`qm krx dy inmx‐ilKq qrIky ivc ieh hor mihxq dI zrUr`q nhIN, A`qy nwl hI
ieh rwh Kol idMdw hY iksI vI ♥n dy p`qyAW dI spys nUM smJ`x dw[

Erfr pMj dw sIkilk grUp AYkSn hY (u, v) 7→ (u(v−1)
v(u−1) ,

u
u−1 ), do vwr kr imldw
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hY ( v−1
v−u ,

u(v−1)
v−u ), iqMx vwr ( vu ,

v−1
u−1 ), cwr vwr ( v

v−1 ,
v

v−u ) qy pMjvIN vwr vwps (u, v)[
so, ikauNik pMj prwiem hY, XW qW pMjo 2‐tpl iBMx hn XW pMjoN brwbr, Aqy ieh brwbrI
EdoN qy EdoN hI jdoN u golfn rySo hY qy v iehdy nwloN iek v`fw[�

mYp (u1, . . . , un−3) 7→ (u1(u2−1)
u2(u1−1) , . . . ,

u1(un−3−1)
un−3(u1−1) ,

u1

u1−1 ) sIkilk Erfr n grUp

dw AYkSn hY ien&ynwiet (n− 3)‐ismplYks {(u1, . . . , un−3) : 1 < u1 < · · · < un−3}
au`qy, Aqy iehdw kOSYNt hY ♥n, n > 4 dy p`qyAW dI spYs :‐ jy koeI spYSl iekueySn dy rUt
hn {0, 1, u1, . . . , un−3,∞}, XW sIklkI iek QW Gumw {1, u1, . . . , un−3,∞, 0}, qW lgw
G0 dI ieklOqI trWs&OrmYSn s`c dYt 1 7→ 0, u1 7→ 1, 0 7→ ∞, i.e., t 7→ t−1

u1−1 ·
0−u1

0−t =
u1(t−1)
t(u1−1) imldI hY spYSl iekueySn {0, 1, u1(u2−1)

u2(u1−1) , . . . ,
u1(un−3−1)
un−3(u1−1) ,

u1

u1−1 ,∞}[ ieho kr
n vwr, bxWdy p`qy idAW swrIAW spYSl iekueySnW, AsIN vwps prq AWdy hW[�

2‐ismplYks {(u, v) : 1 < u < v} au`qy ieh Z/5Z‐AYkSn bwry :‐ vrtYks (1, 1)

qoN cl krv (u, u2), 1 < u < 1+
√
5

2 jWdI hY ieklOqy i&ksf pOAYNt ( 1+
√
5

2 , 3+
√
5

2 ) qk[
l`gw AYs qy mYp (u, v) 7→ (u(v−1)

v(u−1) ,
u

u−1 ) vwr vwr imldIAW hn kul pMj ifsjOAYNt krvz
bwauNfrI qoN i&ksf pOAYNt qk[ ieh mYp nhIN, iehdw kIaUb (u, v) 7→ ( vu ,

v−1
u−1 ) hY jo hr

krv nUM klOkvwiez A`glI nwl AweIfYNtI&weI krdw hY, msln au`qlI pYrwbOilk krv qoN
A`glI hY sYgmYNt (u, u+ 1), 1 < u < 1+

√
5

2 [ so AYkSn dI Eribt spys‐‐♥5 dy p`qyAW
dI spYs‐‐i&ksf Eribt au`qy kOn hY, topoloijklI iek plyn[�

ienv`rSn x→ x
x−1 ny hI j`nmy hn ieh swry sIkilk AYkSn, iek qoN v`D nMbrW dy

swry v`Ddy tplz au`qy! A`qy Evr Q hY fY&InYSn, so icqr dy rYSnl 2‐tplz qy hY ieh
&rI Z/5Z‐AYkSn[ A`qy jwpdw hY hr n prwiem leI vI ieho shI hY? pr phlW, ilKdy
kuJ 3‐tplz (u, v, w) dy Z/6Z‐Eribt, clo cYk kr lYNdy hW ik jy n prwiem nhIN qW
g`Bly p`qy qoN ielwvw hor vI isMgUlYrItIz hn Eribt spys ivc[

Z/6Z‐AYkSn bwry :‐ hux mYp hY (u, v, w) 7→ (u(v−1)
v(u−1) ,

u(w−1)
w(u−1) ,

u
u−1 )[ jy (u, v, w) =

(u(v−1)
v(u−1) ,

u(w−1)
w(u−1) ,

u
u−1 ), qW v = u(w−1)

w(u−1) = w−1 = u
u−1 −1 = 1

u−1 , so u = u(v−1)
v(u−1) =

3



u(2−u)
u−1 , so u = 3

2 , v = 2, w = 3, i.e., ieklOqw i&ksf 3‐tpl hY ( 32 , 2, 3), not kys
n = 5 dy ivprIq ieh rYSnl hY[ hux mYp Erfr do Xw iqx dw vI ho skdw hY[ mYp
dw skvyAr hY (u, v, w) 7→ ( (w−u)(v−1)

(w−1)(v−u) ,
v−1
v−u ,

u(v−1)
v−u )[ jy ieh i&ksf hY qW w = uv

A`qy u = uv−u
uv−1 v, so uv− 1 = (v− 1)v, so krv u = v2−v+1

v , v > 1, w = v2 − v + 1

dy ( 32 , 2, 3) nUM C`f bwkI pOAYNt hn Erfr do dy swry 3‐tpl[ AYsI hI mihxq d`sdI hY ik
Erfr iqx dy 3‐tpl hn ( 32 , 2, 3) coN sr&Ys u(v − 1) = w(u− 1) dy SyS pOAYNt[ cuMj
(1, 1, 1) coN ismplYks dI koeI ry ies nUM ieko hor ibMdU ivc k`tdI hY, so ieh EpYx 2‐sYl
hY 3‐ismplYks nUM vMfdw do ih`syAW ivc[ Erfr do krv cuMj qoN c`l incly ih`sy coN jWdI
sYl nUM i&ksf pOAYNt c ktdI auqly ih`sw tp (∞,∞,∞) q`k jWdI hY[

iek auDwrx Erfr do dy Eribt dI hY ( 73 , 3, 7) 7→ ( 76 ,
3
2 ,

7
4 ) 7→ ( 73 , 3, 7) A`qy Erfr

iqx dI (2, 3, 4) 7→ ( 43 ,
3
2 , 2) 7→ ( 43 , 2, 4) 7→ (2, 3, 4)[ pr sBqoN Awm ‐ bxWdy hn ieh 3‐

ismplYks dw bwkI EpYx sYt ‐ hn 3‐tplz ijhxW dy Eribts dI lMbweI pUrI Cy hY, msln
(3, 4, 5) 7→ ( 98 ,

6
5 ,

3
2 ) 7→ ( 32 , 3, 9) 7→ (2, 83 , 3) 7→ ( 54 ,

4
3 , 2) 7→ ( 54 ,

5
2 , 5) 7→ (3, 4, 5),

vgYrw[ eyxIAW sUK`m hn ieh Eribtl kYlkulYSnz ik jld c`skw ijhw pY skdw hY iehxW
dw, pr hux r`& qsvIr vI bxwxI eyxI srl nhIN!

AYxIvy, Awm Eribt qy EltrnytlI u(v − 1) ≶ w(u − 1), iqx tpl incly ih`sy
c qy bwkI iqx au`qly c; j`d ik Erfr iqx Eribt dy iqxoN hn drimAwxI sYl au`qy; qy
Erfr do dy krv qy, iek i&ksf pOAYNt Q`ly iek au`qy[ Eribt spys hY klozf sOilf kon
i&ksf Eribt au`qy[ bwkI kon bwauNfrI hY Erfr iqx Eribts, koSYt EpYx 2‐sYl dw,
krv igrd Erfr iqx sIkilk AYkSn Q`ly[ Aqy krv Kud i&ksf pOAYNt qy ienvOluSn
Qly &olf ho kon AMdr idMdI hy swry Erfr do Eribts dI iek tyFI AYkiss[ bwkI AMdrUxI
pOAYNts kon dy hn swrIAW pUrI lMbweI Cy Eribts[ so topoloijklI svYlotyl ♥6 dy p`qyAW
dI spys hY iek iqx fweImYnSnl klozf hw& spys[�

hr svYlotyl dw hY iek qy isr& iek p`qw ijhdI isr& iek spYSL iekueySn hY, mqlb,
hr au`qly sIkilk AYkSn dw iek qy isr& iek i&ksf pOAYNt hY[ drAsl, iek qoN v`D
nMbrW dI koeI kOntInuAs ienvoluSn x 7→ x (soco x := x

x−1 ) leI, AYsy nMbrW dy v`Ddy
m‐tplz qy mYps (x, u2, . . . , um) 7→ (x ÷ u2, . . . , x ÷ um, x) dy ieklOqy i&ksf
pOAYNt hn:‐ x 7→ x G`tdI homIEmori&zm hY (1,∞) dI, so mYps vYl‐fI&wiexf hn[ jy
(x, u2, . . . , um) = (x÷ u2, . . . , x÷ um, x) qW um = x, um−1 = x÷ um = x÷ x,
um−2 = x÷um−1 = x÷(x÷ x), um−3 = x÷(x÷ (x÷ x)), qy AwKr x = fm(x)[
eyQy f1(x) = x ijhdw (1,∞) au`qy grw& ∞ qoN 1 vl G`tdw hY, so lwiex y = x nUM ieko
pOAYNt (s1, s1) ivc k`tdw hY[ A`qy ienf`kitvlI fi+1(x) = x÷fi(x) ijhdw (1, si) au`qy
grw& ∞ qoN 1 vl G`tdw hY, so ieh vI lwiex y = x nUM ieko pOAYNt (si+1, si+1) ivc
k`tdw hY[ so hr m leI ieko m‐tpl i&ksf hY[�

pr, hYgy ienvoluSn ijhnW dy 2‐tplz qy mYp dy A`q lMby Eribt hn :‐ koeI (1,∞)

dy igxqI dy sbsYt dI G`tdI Erfr do bweIjYkSn AYgstYNf krdI hY iek ienvoluSn[
Aqy msln (2, 3) dI Eribt AsIN vDWdy hI jw skdy hW, nwl iek AYsI bweIjYkSn AYNvyN
fI&wiex krdy ik hr nvyN nMbr dI jInIirk vwijb kImq hY[ vwijb kImqW l`Bx leI vMf
do (1,∞) nUM iesqmwl kIqy s`B igxqI dy nMbrW nwl qy not kro sb‐ientrvl ijs ivc
nvW nMbr hY, qy jInIirk dw Bwv hY ik AYs dy sIryAW idAW kImqW drmIAwx Axigx`q
nMbrW coN C`f do Eh jo iesqmwl nMbrW idAW &rykSnz hn[�

ieh d`sdw hY ik ienv`rSn x := x
x−1 , ijs qy hI A`sI kyNdirq rhWgy, ikxI swaU hY!
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AwpW jwxdy hW ik iehdy m‐tplz au`qy ienfIausf mYp dw nW isr& ieko i&ksf pOAYNt
hY, iksI hor Eribt dI lMbweI hY m+ 3 dw koeI pozIitv fIvweIzr[ A`qy jwpdw hY ik
jy m ≥ 2 qW hr AYsI lMbweI dw hY zrUr iek Eribt?

prwiemz n > 5 leI svYlotyl ♥n dy p`qyAW dI spys:‐ ieh hY ien&ynwiet (n−3)‐
ismplYks 1 < u1 < · · · < un−3 < ∞ dI Z/nZ AYkSn Qly Eribt spys[ ieklOqy
i&ksf pOAYNt dy kOmplImYNt dI homotopI iek (n − 4)‐s&IAwr dI hY, so n > 5 leI
ismplI kOnYkitf[ A`qy ikauNik n prwiem hY iehdy hr pOAYNt dy Eribt dI lMbweI n hY,
i.e., AYs qy Z/nZ AYkSn &rI hY qy koSYNt mYp n‐&olf AxbrWcf k`virMg hY[ so Eribt
spYs coN i&ksf Eribt dy kOmplImYNt dw &MfwmYNtl grUp Z/nZ hY, so AYs ieko pOAYNt
nyVy Eribt spYs mYnI&olf nhIN[ ivprIq kys n = 5 dy, jdoN ieh iekloqI isMgUlYrItI
isr& jIEmYtirk sI, hux hY ieh iek topolojIkl isMgUlYrItI[

ien&ynwiet ismplYks qy Z/nZ‐ienvyrIAYNt rImwixAn mItirk prwp`q kr skdy
hW AsIN iksI rImwixAx mItirk nUM AYs &weynwiet grUp AYkSn Q`ly AYvryj kr[ &Mksn
jo idMdI hY i&ksf pOAYNt qoN ieh dUrI dy tyFy myFy lYvl sr&Ys topolojIklI s&IAr Sn−4 hn,
qy iehnW nUM nOrm`lI k`tdIAW &MkSn idAW gryfIAYNt krvz i&ksf pOAYNt coN ink`ldIAW
ryz[ iksI lYvl sr&Ys dw AYkSn Q`ly koSYNt iek klozf mYnI&olf Mn−4 ivd &MfwmYNtl
grUp Z/nZ hY qy p`qyAw dI spys hY Mn−4 au`qy kon[�

ik, jy Ef s&IAr Sn−4 au`qy hop& dy srkl grUp AYkSn nUM AsIN Erfr n sIkilk
sbgrUp qk sIimq kr idMdy hW, qy ieho koSYNt Mn−4 imldw hY?

SyS hY, ik prwiemz n > 5 leI vI i&ksf pOAYNt ierrYSnl hY ? n = 7 leI hW :‐
f1(x) = x

x−1 , f2(x) = 1
x−1 , f3(x) = x(2−x)

x−1 , f4(x) = x(−x2+x+1)
(x−1)(2x−x2) A`qy s1 =

2, s2 = ϕ, s3 = 3
2 , so s4 hY 1 qy 32 g`By x = f4(x) dw rUt XwxI ik x3−4x2+3x+1 = 0

dw rUt[ ieh kIauibk pOlInomIAl 1 qy pozIitv qy 32 qy nYgyitv hY, so vwkyAweI ieko s4
hY AYsw[ dUjy, AYs pOlInomIAl dw Q ivc rUt nhIN, ikauNik qW‐‐gwaus dw lYmw‐‐Eh Z
ivc hoeygw, jo AwswxI nwl cYk ho jWdw hY shI nhIN[ so s4, phlw koErfInyt 4‐tpl dw
jo Z/7Z AYkSn Q`ly i&ksf hY, ierrySnl hY[�

kuJ icr qoN AsIN rIAlz nwl p`ky kr rhy hW nqIjy jo pwey qW AsIN sn AkstYNiff plyn
ivc L̂ nUM Xuint srkl S1 bxwky[ iek gol SISy c rY&lYkSx zrIey, so fI &Ykto kOmplYks
Aljbry shwry[ hux qoN AsIN KulyAwm qy inrsMkoc vrqWgy kOmplYks nMbr, ikauNik A`Cw
nhIN Awpxy Awp nUM A`lg r`KI r`Kxw Es sw& do‐fImYnSnI ientIauSn qoN ijs ny idKwey
sI ieh iek‐fImYnSnI nqIjy[ msln, ieko spySl iekueySn vwlw ♥n dw p`qw EhI hY,
ijs ivc hY iekueySn ijs dy rUt, jdoN AsIN EhnW nUM Xuixt srkl qy q`kdy hW, hYgy 1 dy
swry nQ rUt[ vr`qdy ieh, &`t hl ho jWdw hY au`qlw kiTx svwl!

drAsl, koeI vI n ≥ 7 leI i&ksf pOAYNt ierrYSnl hY :‐ jy ω = e2πi/n qW 1 dy
nQ rUt hn {1, ω, ω2, . . . , ωn−1} qy AsIN iehxW qoN ♥n dI ieklOqI g`BlI spYSl iekueySn
dy bwkI n−3 rUt 1 < ui <∞ kYlkulyt kr skdy hW lgw kOmplYks mObIAs trWs&OrmYSn
s`c dYt ω 7→ ∞, ω2 7→ 0, ω3 7→ 1, XwxI ik, z 7→ z−ω2

ω3−ω2 · ω−ω3

ω−z [ msln 1 dw iemyj hY

un−3 = 1−ω2

ω3−ω2 · ω−ω3

ω−1 = (1−ω2)2

ω(ω−1)2 = (1+ω)2

ω = 1
ω +2+ω = 2(1+cos 2π/n)[ ikauNik

1/ω = ωn−1 qy ω donoN sYits&weI krdy hn zn − 1, iek mOink ientIgrl pOlInomIAl,
un−3 vI sYits&weI krdw hY AYsw koeI pOlInomIAl[ so ‐ gwaus lYmw ‐ jy ieh Q ivc
hY qW Z ivc, pr n ≥ 7 leI 2(1+ cos 2π/n) ientrvl (3, 4) ivc hY[� so prwiemz
n ≥ 5 leI (n− 3)‐ismplYks dy Q pOAYNts au`qy Z/nZ AYkSn &rI hY[
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58. pr A`sIN pUrI lwiex R qy &ok`s r`Kdy plyn C coN vI SOrt kts mwrWgy[ nW Buldy
hoey kI mUl qW hn AYkstYNiff lwiex plyn spys vgYrw dy mobIAs mYnI&olfz : swry nMbr
qy Ehxw dI jmW mn&I zrb qksIm, kYlkuls vI, s`B hn isr& swDx ijhxW nwl lokl
Ebzrvr Awpxy &rymz E& rY&rYNs ivc &`sy globl s`cweI toh rhy hn! bhukImqI hn
ieh rYlyitivsitk dirStIkox qoN ivcwr qy nqIjy jo lokl nUM cyp globl bxWdy hx[ ijMvy
mYN pihlW smJw cu`kW hW, iexfY&Iint ientIgrySx, bdOl`q cYNj E& vYrIeyblz &OrmUlw,
iblkul AYsw bhukImqI ivcwr hY[

Awpxw tIcw hY ♥n dI koeI vI idqI iekueySn f(x) = 0 hl krxw[ ikhVy mYnI&olfz
juVy hn iehdy n XW n− 1 AigAwq rUtW nwl ? J`t R mn&I rUtW dw iKAwl AWdw hY pr
ieh konYkitf nhIN, so cldy hW C mn&I rUtW au`qy ientIgrl

∫ dz
f(z) qoN[ kmwl dI glH hY

ieh srl ientIgrl bhwxy hI myrIAW J`t qy bVy hI kudrqI qrIky nwl qwjIAW ho geIAW
XwdW iek qoN bwd iek keI mShUr cIzW idAW :‐

bdOl`q cYNj E& vYrIeyblz, mYnI&olf a`qy iek i‐&olf iexfY&Iint ientIgryl iek
fI&rYNSIAl i‐&orm dy s`mwx hY[ jy ieh &orm klozf hY, qy EdoN hI, ientIgrl dI kIsI vI
trIvIAl i‐sweIkl au`qy kImq zIro hY[ so swry i‐sweIklz au`qy kImqW dy &rI AYbIlIAx
pIrIAf grup dw rYNk hY hd mYnI&olf dw bYtI nMbr βi[ A`qy "jInIirklI" ieh rYNk βi

dy brwbr hI huMdw hY[ msln,
plyn mn&I rUtW au`qy 1‐&Orm dz

f(z) klozf qW hY :‐ jy 1
f(z) = P (x, y)+ iQ(x, y) qW

ω = (P + iQ)(dx+ idy) = (Pdx−Qdy)+ i(Qdx+Pdy) dw AYkstIrIAr fYrIvyitv
dω = (−∂P

∂y − ∂Q
∂x )dx ∧ dy + i(−∂Q

∂y + ∂P
∂x )dx ∧ dy = 0 sdky AYs holomori&k &MkSn

1
f(z) idAW koSI‐rImwx iekueySnz ∂P

∂x = ∂Q
∂y ,

∂P
∂y = −∂Q

∂x [�
qy trIvIAl 1‐sweIklz auqy holomori&k so klozf 1‐&Orm dI kImq dw zIro hoxw sI

koSI QIErm[ so
∫ dz
f(z) dy pIrIAf grup dw rYNk hY hd β1 = deg(f)[ A`gy, koSI &ormUlw∮ dz

z−a = 2πin, n ∈ Z, idMdw hY pIrIAf grup deg(f) = 1 leI[
pr deg(f) ≥ 2 leI

∫ dz
f(z) dy pIrIAf grup dw rYNk β1 qoN G`t hY :‐ ivcwro

∮ dz
f(z)

iek ErIjn dy igrd AYxI v`fI rYfIAs R dy c`kr au`qy ik f(z) dY swry rUt Ehdy AMdr
hn[ koSI QIErm d`sdI hY ik AYs dI kImq nhIN bdldI R → ∞ Q`ly[ pr c`kr dw
Gyrw hY 2πR qy ientIgrYNf dI AYbsolUt vYlIaU dw Erfr hY hd 1/R2[ so ieh fY&Iint
ientIgrl dI kImq hY zIro[� auNj ieho qrk idMdI hY bIj gixq dw mUL q`Q ik f(z) = 0

dw koeI rUt hY :‐ jy nhIN qW u(z) =
∫ z

0
dz
f(z) hYy C dI iek nOn‐kOnstYNt holomori&k bwauNiff

&MkSn jo lIauvIl dI QIErm kwrx sMBv nhIN[� A`gy,
pUrw pIrIAf grup hY

∮ dz
f(z) = 2πi

∑
j njAj ij`Qy nj ∈ Z qy Aj hn rYzIfIaU f(z)

dy AigAwq rUtW aj au`qy, i.e., 1
f(z) =

∑
j

Aj

z−aj
, so Aj =

∏
k ̸=j

1
aj−ak

[ zwihr hY iehdw
rYNk ≥ 1 hY, qy

∑
j Aj = 0 i.e.AweIfYNtItI

∑
j(
∏

k ̸=j
1

aj−ak
) = 0 kwrx, jo AsIN huxy

huxy ienitgrySn nwl (!) isD kIqI hY, hmySW ≤ β1 − 1 hY[ drAsl,
kys deg(f) = 1 leI hI dz

f(z) isMgUlYr hY z = ∞ qy:‐ ieh kys C`f 1‐&orm ϕ(w)dw

jo imldw hY z = 1
w qy dz = −dw

w2 put trx bwd dw Awm pOAYNt hY w = 0[�
so deg(f) ≥ 2 leI ieh 1‐&Orm swnUM s`cIN Ĉ mn&I rUtW qy ivcwrxw cwhIdw hY, Aqy ies
komplYks mYnI&olf dw pihlw bYtI nMbr β1 qoN iek G`t hY[

pltdy C mn&I rUtW aj nUM, jy AsIN isr& nUmrytrz Aj nUM mwsHw hlw ky bxw idMdy hW
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Q au`qy ienfIpYnfYNt, qW iml jWdw hY dz
f(z) dy A`q nzdIk iek holomori&k 1‐&orm ijs

dy pIrIAf grup dw rYNk TIk β1 hY[ so ieh kOmplYks mYnI&olf dy bYtI nMbr β0 = 1 qy
β1 AsIN kylkulyt kr skdy hW fIrwm kOmplYks Λ∗ d→ Λ∗+1 dI jghw swry holomori&k
&Ormz dy byisk sbkOmplYks E∗,0

1
d→ E∗+1,0

1 qoN hI[ dujy hQ,
A`q nonfIjYnyryt ho skdY ieh spYtrl sIkvYNs Ep,q

k kOmplYks mYnI&olf dw (XW &yr
&olIeyitf mYnI&olf dw)[ pr, swry n‐fweImYnSnl mYnI&olfz, qy kw&I hOr ismplISIAl
kOmplYks Kn vI, AYmbYiff pwey jWdy hn 2n‐spYs Cn ivc[ svwl : ik AYsy iksI
dy bYtI nMbr βi(K

n) AsIN kYlkulyt kr skdy hW Cn dy gvWfI holomori&k &ormz qoN?
A`gy, ik AYsy iksI dI hyvuf ieniekuAYlItI αn(K

n) < (n+ 2) · αn−1(K
n) AsIN ies

ilMkf prcy dIAW dlIlW nUM kOmplYksI&weI krky hI isD kr skdy hW? pr zrUr, kIsI
vI Km ⊂ Cn dy bYtI nMbr AsIN kYlkulyt kr skdy hW gvWfI smUd &ormz qoN:‐ ikauNik
hn Ehdy A`q in`ky nYbrhuf U ijhnW dw homotopI twiep EhI hY[�

ies sMDrB ivc Xwd krdy hW ik Cn, Aqy C dy swry qy Cn, n > 1, dy kuJ EpYx
sYt Stwiex mYnI&olfz hn, qy ieh EpYx kOmplYks mYnI&olfz leI qW ieh vI s`c hY ik
dolbo kohomOlojI Ep,q

1 zIro hY jy q > 0, so isr& holomOri&k &ormz E∗,0
1 hI b`cdy hn[ pr

hn Cn, n > 1, dy Epx sYt jo Stwiex nhIN:‐ msln S3 ⊂ C2 dy tUbulr nYbrhuf U dw
bYtI nmbr β3(U) = 1 pr nhI U dw koeI holomori&k 3‐&Orm[�

au`qlI dolbo vYnyiSMg, jo Cn leI vjdI hY groQYnfIk lYmw, swfy srl mYnI&olf C
mn&I pOAYNts aj leI vI AYxI srl nhIN[ AsIN ieh qW hux jwxdy hW E2 trm &weInl
hY ivd E0,1

2 = E1,1
2 = 0, so d1 : E0,1

1
∼= E1,1

1 , pr ikauN hn ieh zIro:‐
ikauNik koSI‐rImwn pIfIeI ∂g

∂z = f (vrqI notySn bwry dyKo Q`ly) nUM AsIN plyn C dy
hr EpYx sYt U qy hl kr skdy hW, i.e., ∂

∂z : C∞(U) → C∞(U) srjYkitv hY ivd
krnl swrIAW holomori&k &MkSnz[

jy f(z) kOmpYktlI sporitf hY qW kOnvoluSn g(ζ) = 1
2πi

∫ ∫ f(z)
z−ζ dz ∧ dz smUd hY

U au`qy qy ∂g
∂ζ

= f(ζ)[ prU& iehdw iesqmwl krdw hY stoks &Ormulw, jo Kud isD krx

leI AsIN iesqmwl krdy hW kYlkuls dI mUl QIErm, i.e., lwiex R dy hr EpYx sYt qy
d
dx : C∞→C∞ srjYkitv hY ivd krnl lOk`lI kOnstYNt &MkSnz[

koeI f ∈ C∞(U) qy kOmpYkt sYt Ki ⊂ U ipCy, hY kOmpYktlI sporitf &MkSn fi jo
Ki auqy f dy brwbr hY, pr auqly gi s`c dYt ∂gi

∂z = fi Aksr iehxW sYtW dy lIimt U

auqy pIfIeI ∂g
∂z = f nUM hl krdI iek ifstrIbuSn g ∈ D(U) hI idMdy hn[

pr smUd hl vI hn ‐ mItwg‐lY&lr QIErm ‐ jo hn lIimt pOAYNts tIvIAYs C∞(U)

dy sbsYt {swrIAW &MkSnz gi jmW holomori&k &MkSnz} dy[ hor fItylz leI vyKo hormWfr
dI kOmplYks AYnylyiss dI ikqwb dw phlw cYptr[�

notySn bwry hor : plyn R2 = C dy pOAYNt (x, y) hI hn kOmplYks nMbr z = x+ iy,
msln (0, 1) = i (jdoN nhIN hY ieh A`Kr koeI iexfYks!) qy 2‐s&IAr R̂2 = Ĉ dI
mObIAs jmYtrI idAW g`lW hI jwrI hn ieh kOmplYks nMbrW nwl, msln cpty SISy x‐
AYkiss ivc iexvrSn vjdI hY kOnjugySn z = x − iy[ swfy &MkSnz qy &Ormz sb
smUd qy kOmplYks vYlXuf hn, so plyn auqy hr &MkSn g dy dg = ∂g

∂xdx+
∂g
∂ydy nUM AsIN

1‐&Ormz dy nMvy byiss dz = dx+ idy, dz = dx− idy ivc vI ilK skdy hW, jo idMdw hY
dg = ∂g

∂zdz+
∂g
∂zdz, ij`Qy

∂g
∂z := 1

2 (
∂g
∂x − i∂g∂y ) qy

∂g
∂z := 1

2 (
∂g
∂x + i∂g∂y )[ so jy rIAl Aqy

iemYjnrI pwrts ivc g(z) = P (x, y)+iQ(x, y) qW ∂g
∂z = 1

2 ((
∂P
∂x − ∂Q

∂y )+i(
∂Q
∂x + ∂P

∂y ))
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so vwkyAweI ∂g
∂z = 0 dw Bwv hY g holomori&k[�

komplYks mYnI&olf nUM kvr krdy hn cwrts ijhnW dw AwpsI irSqw holomori&k hY,
so lwzmI hY ik ieh eIvx fweImYnSnI qy ErIAYNtybl hY, A`qy keI hor bMidSW dI kuMjI hY
iehdI hOj bweIgryifMg: Ep,q

0 dw Bwv hY swry (p+ q)‐&orm jo cwrts (z1, . . . , zm) ivc
ilKy jw skdy ny TIk p dzi qy TIk q dzj dy vYj lYkr, so iehdw rYNk hY

(
m
p

)(
m
q

)
swrIAW

&MkSnz E0,0
0 au`qy[ ijs qy dg = ∂g + ∂g ij`Qy ∂g = ∂g

∂zdz qy ∂g = ∂g
∂zdz[ so swry

&Ormz qy aupl`BD hY C‐lInIAr spilitMg d = ∂ + ∂ do bweI‐ifgrI (1, 0) qy (0, 1) dy
mYps ivc, qy d2 = 0 dy brwbr hI hY ∂2 = ∂∂ + ∂∂ = ∂

2
= 0[

so E0 dw phlw kOlm p = 0, &yr phly do kolm p = 0, 1, vgYrw, htwxw idMdw hY
iek G`tdw sIkvYNs fIrwm sbkOmplYksW dw, A`qy AsIN AYs i&ltrySn nwl juVy spYktrl
sIkvYNs (Ek, dk) dI hI vrqoN kr rhy hW (ijhVw roz nUM htwx nwl spYktrl sIkvYNs
fI&wiex huMdw hY Eh kOmplYks kOnjugySn Q`ly AweIsomOri&k hY) so d0 = ∂[

msln jy m = 1 qW E0 ivc isr& E0,0
0 , E0,1

0 , E1,0
0 , E1,1

0 nonzIro hn, cwrW dw rYNk
hY iek &MkSnz au`qy, qy g 7→ ∂g

∂z (g)dz, gdz 7→
∂g
∂zdz∧dz idMdw hY d0[ so vwkyAweI nqIjw

auqlw brwbr sI khix dy ik C dy hr EpYx sYt leI E1 ivc isr& E0,0
! , E1,0

1 nonzIro hn
qy iehxW ivc hn krmvwr swrIAW holomOri&k &MkSnz qy 1‐&Ormz[ A`gy ies holomori&k
fIrwm kOmplYks d1 = d : E0,0

! → E1,0
1 dI hOmolIjI E2 ikauNik &weInl hY, zrUr

E0,0
2

∼= Cbo , E1,0
2

∼= Cb1 ijQy b0 qy b1 hn bYtI nMbr EpYx sYt dy, qy d2 = 0[drAsl
ieh sB kuJ koeI Ep`x rImwn sr&Ys leI vI shI hY, pr jy klozf qW b2 = 1 qoN hI sw&
hY ik nhIN hux dolbo vYnyiSMg[

vwps AWdy
∫

dz
f(z) nUM, ij`Qy f dI ifgrI δ > 1, AsIN ieh qW dyK il'qw sI ik pIrIAf

grUp dw rYNk {Ĉ mn&I rUts} dy bYtI nMbr β1 = δ − 1 qoN v`D nhIN, pr qSqI& krxI
bwkI hY ik ieh ikMvyN svYlotyl ♥δ dI iekueySn f = 0 qy inrBr krdw hY[ ieh krx qoN
phlW Xwd krdy hW ik jy ifgrI eIvn AYs mYnI&olf nUM kOmpYktI&weI krn dw iek qrIkw
hY rUtW dy joVyAW ivc δ

2 ifsjOAYNt k`t mwrx bwd 'f`bl' krxw[ jo idMdw hY jIns δ
2 − 1

dw klozf rImwn sr&Ys qy Agly sYkSn 'c AsIN dyKW gy ik
∫

dz√
f(z)

dy pIrIAfz qy inrBr

XOrdW dw iekueySn hl krx dw qrIkw AYs kOmpYktIi&kySn nwl bMDyAw hY, i&lhwl AsIN
AYs qoN srl ientIgrl nwl vwk&IAq kr smJo Kud nUM 'vOrm‐Ap' kr rhyN hW! not ♥δ

ivc swry AY&wien ifgrI δ − 1 iekueySn vI hn‐‐Eh ijnhW dw iek rUt ien&InItI qy
hy‐‐so ifgrI eIvx mxn nwl koeI hrz nhIN huMdw[

lgdw hY AYNvI hI Cn dw koeI EpYx sYt U hY jy Stwien ‐ ijMvy ik koeI Kn ⊂ Cn dw
gvWf? ‐ qW EhnUM 'f`bl' kr imldw hy klozf kOmplYks kwhlr mYnI&olf? so iehdI
homOlIjI ‐ jo Kn dy kOmbInYtoirks au`qy cwxn pWdI hY, Swied iehdy hYvuf ieniekuAYlItI
vI dy dyvy? ‐ bVI hI Kws hY : hux dolbo homolIjI E1 &weInl hY qy pvWkwry‐syAr fuAYlytI
Ep,q

1
∼= En−p,n−q

1
∼= En−q,n−p

1 mUl (1, 1) klws nwl zrbW mwr imldI hY, so &yr ieho
hwrf lY&sSYts QIErm dI vrqoN krWgy kOmbInYtOrIks leI[

rUt f = 0 dy idMdy hn
∫

dz
f(z) dy pIrIAf, pr vwps ieh hd rUtW c AMqr aj −ak hI

dy skdy hn, ikauNik pIrIAf sn 2πi
∑

j njAj ij`Qy Aj =
∏

k ̸=j
1

aj−ak
; AYxIvy kw&I

hn swry AMqr, ikauNik
∑

j aj qW AsIN iekueySn f = 0 qoN J`t pV s`kdy hW[ ifgrI do
leI sOKw hY kMm, a1 − a2 = 1

A1
, pr AYs bwd ifgrI iqx leI AMqrW dy skvyAr ilK`x

dy hI id`Kdy hx qrIky, msln :‐ (a1 − a2)(a1 − a3)(a2 − a3)A1 = (a2 − a3) vgYrw
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nUM skvyAr kro, ilKdy ifskrImInYNt (a1 − a2)
2(a1 − a3)

2(a2 − a3)
2, rUtW dI iek

simtirk &MkSn, nUM f = 0 dy koAY&ISYNts ivc[�
&Ilf F jo jYnyryt krdy hn f = 0 dy koAY&ISYNt, dI s`B qoN CotI AYkstYnSn ijs

ivc hn swry AMqr aj − ak, EhI hY ijs ivc hn swry rUt aj, pr Amumx v`fI hY Es
qoN ijs ivc hn swry Aj[ ik`xw v`fw ho skdY &Ilf F(aj) sb‐&Ilf F(Aj) qoN? ifgrI
iqx leI AsIN vyKyAw au`qy ieh h`d kvwfryitk AYkstYnSn hY, qy msln x3 − 5x =
0 leI vwkyAweI F(aj) = Q(

√
5) dI F(Aj) = Q au`qy fweImYnSn do hY[ pr sb‐

AYkstYnSn F(Aj) vI rUtW dIAW prmutySnz Q`ly kwiem hY:‐ aj ↔ ak ienfIaUs krdI
hY trWspozISn Aj ↔ Ak[� so Aj ivc smItirk &MkSnz nUM vI AsI f = 0 dy
koAY&ISYNts zrIey ilK skdy hW, msln

∑
j Aj = 0 qW AsIN pihlW isD kr cu`ky hW, qy

J`t cYk ho jWdw hY ik (−1)(
n
2)
∏

j
1
Aj

brwbr hY ifskrImInYNt d dy[
pr mobIAs jmYtrI ivc AMqrw dy rySo v`D kudrqI hn, qy ifgrI iqx leI A1

A2
=

a2−a3

a1−a3
, ifgrI cwr leI A1A3

A2A4
= −(a2−a4

a1−a3
)2, ifgrI Cy leI A1A3A5

A2A4A6
= vgYrw, qoN Aws

bMDx l`gdI hY ik AsIN ieh rYSo pIrIAfz dy s`rfz c ilKy skdy hW? jwpdw hY ik hmySW
F(aj) solvybl hY F(Aj) au`qy, qy ho skdY kMpws qy rUlr hI kw&I hon, Bwv, kvwfryitk
AYkstYnSnz dI iek lVI lY jWdI hY swnUM in`ky qoN v`fy &Ilf q`k?

jInIirklI swrIAW a1, . . . , an dIAW eIvn prmUtySnz Q`ly F̃(ai) ‐ ijQy F̃ hY F dI
AYkstYnSn ifskrImInYNt dy skvyAr rUts ±

√
d nwl ‐ dw i&ksf &Ilf jwpdw hY F̃,

pr n > 4 leI ieh prmUtySn grUp isMpl hY, so F̃(Ai) = F̃(ai)? Bwv, jmW mn&I zrb
qksIm qy ieko skvyAr rUt vrqdy AsIN iekueySn f = 0 dy hr rUt ai nUM ilK skdy hW
Ehdy koAY&ISYts qy ientYgrlz 1

2πi

∮
dz
f(z) ivc[ spSt qOr qy ik hn &OrmUly? ik ieh

hl krdy hn hr iekueySn nUM? A`gy, nwl f = 0 dy bMDI hY iek JUTI tweIilMg‐‐Bwv swry
vrtYiss bwauNfrI qy‐‐EpYx ifsk dI ijhnUM &olf kr bxdw hY Ĉ \ {ai} qy jo juVI hI
auprok`q koSI pIrIAfz nwl ...

iek kudrqI s`cI tweIilMg‐‐Bwv kOmpYkt tweIlW vwlI‐‐vI AsIN hr ifgrI n ≥ 4
dI iekueySn f = 0 nwl bhuq phlW bMD cuky hW‐‐dyKo Bwg cOQw, kuJ not 50 vI‐‐qy Aglw
not drAsl ausy ku twiem dw il`KyAw hY iek AfYnfm[

59. Bwg cOQy ivc AsIN bxw cu`ky hW hw& trnz dI vrqoN nwl, Xuint srkl dy id`qy
koeI n ≥ 4 pOAYNts qoN, iek kOnsYNtirk ryfIAs c > 1 ‐ isr& n = 4 leI c = ∞ ‐ dI
jmYtrI v`joN kirstYlOgrwi&k tieIilNg {n, n}[ mqlb, swrIAW twielW kOngruAYNt hn
id`qy n vritiss vwly Xuint srkl dy ienskrwiebf bIj n‐gOn nwl, Aqy jy do twielW
dI sWJI Bujw hY qW iehdy imf‐pOAYNt igrd EhnW dw XuinAx sIimtirk hY, Aqy tweIilMg
dy hr vrtYks qy n twielW hn[

AYNvyN hI kuJ bxw skdy hW AsIN, s&YirklI kirstYlogrwi&k tYtrwhYfrx {3, 3} Xuint
srkl dy koeI n = 3 pOAYNts qoN cl:‐ ivcwro rYfIAS r ≥ 1 dw s&IA`r Xuixt srkl coN
lMGdw ijhdw sYNtr AYx iehdy sYNtr aup`r hY[ iqxo pOAYNts nUM gryt srkl 'ryKWvW' nwl
joV do[ ijMvyN r vDdw hY 1 qoN ∞ vl, AYs s&YrIkl trweyNgl dy koxW dw joV kONtInuA`slI
G`tdw hY 3π qoN π vl[ lY lE Eh r ijQy ieh 2π hY[ lgwE hux BujWvw dy imf‐pOAYNts
igrd s&YrIkl hw& trnz, iml igAw ieh tYtrwhYfrx[�

so swfy tYtrwhYfrx dy hr qIkox dw Cyqr&l hY πr2, jo myl KWdw hY (A+B+C−π)r2
nwl, iksI vI s&YrIkl qIkox dw eyrIey[ dujy, not ieh r ijQy AYNgl‐sm 2π hY, inrBr
krdw hY srkl dy iqx pOAYNts qy ijhnW qoN AsIN c`ly sI[ qy sB qoN Cotw hY ieh jdoN iehxW
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ivc durIAW brwbr hn, jdoN bxU rYgulr tYtrwhYfrx[
AYs kys ivc iqxoN AYNgl brwbr hn hr r leI, qy jdoN ieh π/2 Aqy 2π/5 hoxgy,

iml jwau swxU rYgulr EktwhYfrx Aqy rYgulr AweIkoswhYfrx, qy &yr lIimt r = ∞ qy
swry plyn dI rYgulr {3, 6} tweIilMg[ bwkI kyiss ivc hor koeI AD‐fI&orm`f plYtoink
sOilf qW nhIN t`krugw, pr lIimt r = ∞ qy hY hux plyn dI {3, 6} tweIilMg jo bxdI hY
hw&‐trz nwl iksI vI id`qy iqkox qoN cl[ AYs tweIilMg qoN imldI hY iek hor ieilpitk,
mqlb C au`qy dohrI pIrIEifk qy mYromori&k, &MkSn[

not : (a) s&YrIkl kOnvYks h`l hn vrtyiss dy cwroN iqkon‐dyKo icqr‐AYNtIpofl joVy
jo nhIN EhxW ivc[ iqkon ABC dI bwjU BC dy m`D α coN jWdI AYkiss igrd hw&‐trn
nwl bxyAw DCB vI AYNtIpof −α dy komplImYNt ivc hy qy doAW dI ieMtrsYkSn hY ieh
bwjU[ ieh q`Q qy CyqrPl qoN p`kI hY ABCD dI AYgisstYNs[ (A) ieh hw&‐trn idMdI hY
prmutySn DCBA, bwjU AD dI EhI lMbweI hY jo BC dI hY, qy Aykiss dw dujw isrw −α
Ehdw imf‐pOAYNt hY[ (e) iqkonW dy bwjuAW idAW iqx lMbweIAW ikauNik Amumx iBx hn,
simtrI grup ivc hn isr& cwr AYlImYNt, AweIfYNtItI qy hw& trnz DCBA,CDAB

qy BADC[ (s) dujy h`Q ilmIitMg cpty ABC idAW iqx bwjuAW nUM AD‐GumWdy plyn
dy moSn jYnyryt krdy hn ienPynwiet grup qy tweIilMg {3, 6}, Cy iqkoxI twielW hr
vrtYks qy[ (h) so hux iqxoN hw& trnz dI kOmpozISnz AweIfYNtItI nhIN, Ehdw skvyAr
hI AweIfYNtItI hY[ ieh iqx qyhrI kOmpozIsnW nwl jYnyryitf tweIilMg dy iqkon dUny swiez
dy hn, hr ivc cwr Coty iqkon, qy AYs iexfYks cwr sbgrUp nwl &olf kr plyn nUM Pyr
bx jWdw hY ieho kirstYlogrwi&k tYtrwhYfrx[

60. kOmpYkt {n, n} tweIlW nUM pUrw &olf kr bxdw hY 2‐s&IAr Ĉ pr jy tweIilMg
nUM AsIN ienfYks do sbgrUp jo bxWdy hn n hw& trz dy swry eIvn kOmpozISn nwl hI
qksIm krdy hW qW imldI hY iek klozf rImwn sr&Ys M2 dI XUnIvrsl kv`rieMg[
SyS qksIm idMdI hY iek holomori&k dohrI brWc`f kv`rieMg M2 → Ĉ[ kul koSYNt mYp
hY kul n hw& trnz grUp Q`ly pIrIEifk iek mYromOri&k &MkSn, Bwv rImwx s&IAr Ĉ
ivc kImqW lYNdI holomori&k &MkSn[ jy n = 3, 4 qW ienfYks do sbgrUp nUM jYnyryt krdy
hn plyn dy do ienfIpYnfYNt trWslySn, so ieh duhrI pIrIEifk mYromOri&k XwxI ik iek
ieilpitk &MkSn z(u) hY[

ik ieh z(u) aultWdI hY mltIvYlIXuf '&MkSn' u(z) =
∫ z dz√

f(z)
jo idMdy hn C\{ai}

dy iek bys pOAYNt qoN cldy z q`k jWdy swry pwQ ientIgrl? ikauNik ienitgrYNf holomor&k
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hY u(z) dI AYmibgutI sIimq hY pIrIAfz
∮

dz√
f(z)

qk, jo 4‐svYlotyl dI hr iekueySn

f = 0 leI bxWdy hn plyn C dI iek lYits, dyKo gUrsw vOlIaum 2 s&w 120[ qy AYs
qoN phlW p`xy 114 qoN cldy pyijz qoN ik, iksI eIvn n‐svYlotylz dI iekueySn f = 0 dy
swry pIrIAf

∮
dz√
f(z)

bxWdy hn C dw jmW Q`ly rYNk ≤ n
2 dw sbgrUp[

jy n > 4 qW plyn lYits dI Aws qW nhIN kr skdy pr, vOrm‐Ap kys vWg, XOrdW dy
1870 dI qryqy dy pMxy 380 vwlI QIErm kih rhI hY Swied ik f = 0 dy ieh pIrIAf
bxWdy hn EhI F̃ dI iek hor gwlvw AYstYnSn jo F̃(ai) qoN QoVw hI CotI hY, qy jInIirklI
brwbr hY? so EhI svwl auTdw hY : spSt qor qy ik hn &OrmUly jo idMdy hn hr iekueySn
dy rUt kOAY&ISYNts qy heiprieilpitk pIrIAfs ivc?

vwps tweIilMg vl jwx leI zrUrI hY AsIN skvyAr rUt dI dOhrI AYmibgutI nwl
shI slUk krIey[ vOrm‐Ap vn‐&Orm dz

f(z) dw qW Ĉ \ {ai} shI fomyx sI, dz√
f(z)

dw

nhIN[ iehxuM vYl fI&wiex bxwx leI AsIN rImwx vWg mwrdy hW n
2 ifsjOAYNt kt rUtW dy

joVyAW c, qy &yr cyp AYs k`tI spys nUM iek n`kl nwl f`bl kr idMdy hW[ iml igAw EhI
klozf rImwx sr&Ys M2 qy jdoN dyKdy hW mwry ktW nUM iehdy XUnIvrsl kvr qy iml jWdI
hY EhI tweIilMg[pr topOlIjI qk : jmYtrI vI AYx it`c hovygI EdoN qy EdoN hI jdo AsIN
AYx smJ lvWgy &OrmUly ijhnW bwry AsIN svwl auTweyAw sI auqy[

m`m&orf dI QItw II,p.xi muqwbk aumymUrw dy AYpYNifks c ny "srl &ormuly" iekueySnz
nUM hl krdy, jo Ehny XOrdW dy iek qrIky nUM ivksq kr prwpq kr lIqy hn[ sMgIq vWg
gixq vI A`lg‐A`lg mUfz ivc kIqw jWdw hY! s`cIN, jy pUry gyAr bdl AsIN vI Awpxy
Awp nUM X`kdm &OrmUlyAW dy mUf ivc pw lYNdy hW, qW ieh ByAwxk &Ormuly vI kuJ icr bwd
srl l`gx lg pYNdy hn[ pr shI i&t krxw AYs v`Kry mUf ivc kIqy gixq nUM, ieh cldI
topolOjIkl QIErI E& iekueySnz ivc, hI hoxw cwhIdw hY swfw tIcw[

so pUry gyAr nW bdldw mYN isr& iek sMKyp smIKyAw hI dyvWgw auprokq bukW vrqdw[
khwxI SurU hoeI sI kIauibks leI vIeytw dy tirgnomYtirk qrIky nwl ‐ dyKo not 13, 14 ‐
ijs nUM hI Xwd krdw hY XOrdW dI 1870 dI qryqy dw not 505:‐ trWslyt krky vyrIeybl
bxwE dUjw koAY&ISYNt‐‐rUtW dw joV‐‐zIro[ jy AYs dw qIjw koAY&ISYt‐‐do do rUtW dIAW
zrbW dw joV‐‐zIro nhIN, skyl krky vyrIeybl hux bxwE ikauibk 4z3 − 3z + a = 0[
srkulr Awrk dy iqx brwbr ihsy bxwx nwl juVI hY jo, hor sw& SbdW ivc, jy AsIN put
krdy hW a = sinu, qW rUt hn z = sin u

3 , sin
u+2π

3 , sin u+4π
3 [�

it`pxIAW : (a) trWslySn AYsI jo kIsI hor koAY&ISYNt nUM zIro bxwey mihxq mMgdI hY,
kOnstYNt zIro bxwx leI qW iekueySn dw hI iek rUt cwhIdw hY[ (A) skyilMg nwl qIjw
koAY&ISYNt AYfjst krx leI AsIN k`Fdy hW iek skvyAr rUt, jy cOQw AYfjst krxw
huMdw qW k`Fdy iek kIaub rUt, vgYrw[ (e) pozIitv skvyAr rUt nwl skyilMg hY KXwm
dy morpMK dI rYtrYkSn sYgmYNt (4z3 − 3z + 1 = 0, 4z3 − 3z − 1 = 0) au`qy, ijs dy
bWauNfrI pOAYNts dy rUt {+ 1

2 ,−1,+ 1
2} qy {− 1

2 ,+1,− 1
2} vI idMdy hn ieho &OrmUly; pr

nhIN idMdy ieh iqxo k`sp z3 = 0 dw ieko rUt 0[ (s) pr qrIkw pUrw hr kIauibk leI hY:
jy trWslySn auprMq qIjw koAY&ISYNt vI zIro hY ‐ ieh nhIN vwp`rdw morpMK qy, pr vIcwro
msln z3 + a = 0 ‐ qW AsIN lYNdy hW kIaub rUt jo iqxo kOmplYks ho skdy ny; Aqy jy
nhIN, qW AsIN iesqmwl krdy hW kOmplYks swiex[ (h) mqlb pIrIEifk &MkSn z(u)

jo aultWdI hY mltIvYlXuf '&MkSn' u(z) =
∫ z

0
dz√
1−z2

:‐ not dx√
1−x2

=
√
dx2 + dy2 jy
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y =
√
1− x2, so 0 qoN x ∈ (−1,+1) qk AYs dI rIAl ientIgrySn idMdI hY Xuint

srkulr Awrk u ∈ (−π
2 ,+

π
2 ) s`c dYt sinu = x[ pUrw fomyx dz√

1−z2
dw hY M2 jo AsIN

bxw skdy hW mslx plyx nUM kYNcI nwl (−1,+1) qy ktx auprMq, gUMd nwl iek nkl dy
AYs k`t nwl icpkw ky[ bys pOAYt, phlI SIt dy 0, qoN cl qy (iPlhwl) ±1 nUM C`f iksI
vI M2 dy pwQ au`qy ientYgryt kr AYs 1‐POrm nUM AsIN k`Fdy hW kImqW u(z)[ pr ±1
nUM C`f dIAW ieh islYNfr M2 dIAW swrIAW tirvIAL lUps au`qy

∮
dz√
1−z2

= 0[ ikauNik
AYsI −1 igrd iek vwr GumdI iksI vI M2 dI lUp dI jghw AsIN lY skdy hW lUp jo
EhI Coty c`kr qy phlI qy &yr dueI SIt qy cl b`xdI hY[ so bMidS ik pwQ ±1 coN nW jwvy
&zUl hY, mslx, M2 dI nOn‐tirvIAL lUp jo k`t qy phlI SIt ivc −1 qoN +1 qy &yr
dujI ivc vwps +1 qoN −1 jWdI hY au`qy

∮
dz√
1−z2

= 2π, Xuint srkulr Gyrw[ so iksI vI
lUp au`qy ientYgrl hY 2π zrby iek ientIjr, mqlb, ienvrs &MkSn sin : C → M2

lpyt idMdI hY plyn nUM ieh slYNfr igrd pIrIAf 2π nwl[� (k) pUry vIeytw dy qrIky nUM
ieko ''srl &ormUly" ivc lpyt AYnylIitk AYkstYnSn zrIey AsIN hux cYk kr skdy hW hY
ik ienput koeI kIauibk iekueySn � ∈ CP 3 dy ipCy AYs dI Awautput hoeygI � dy (iek,
do, XW iqx kOmplYks) rUt[ (K) AYsy &OrmUly auswrx dw swfw ierwdw nhIN, idlc`sp ieh
hY kI SUru ho igAw hY u =

∫ z dz√
f(z)

nUM aultwx dw km, pr lgw kuJ cwlW, id`qI ikauibk

dI jgih iek kvwfryitk skvyAr rUt dI hI ho rhI hY Ajy gl[
kvwfryitk iekueySnz leI vrg purqI (ifskrImInYNt dw skvyAr rUt) hI kw&I hY, qy

nW hI rUtW bwry kuJ d`sdy hn pIrIAf
∮

dz√
z2+az+b

= 2πim,m ∈ Z :‐ sdky AYnylIitk
AYkstYnSn kw&I hY cYk krxw jd rUt hn do rIAl nMbr, so gl au`qr AWdI hY cYk krx
qy ik sdw

∫ +r

−r
dx√

r2−x2
= π, jo shI hY ikauNik rYfIAs r dy A`D‐srkl y =

√
r2 − x2

dw Awrk‐AYlImYnt
√
dx2 + dy2 = dx

√
1 + ( dydx )

2 = rdx√
r2−x2

[� (g) pr dz√
z2+az+b

dw fomyx M2 zrUr inrBr krdw hY z2 + az + b = 0 dy rUts α, β ∈ C qy, bxwn
leI ijs nUM AsIN &yr m`x skdy hW sYgmYNt αβ nUM kt ijs qy icpkI hoeIAW hn plyn
idAW do nklW[ nW isr& ieh topoloijklI hmysW slYNfr hY, AsIN cYk kr il`qw hY ik,
M2 dy AYs 1‐&orm dy lUp ientYgrlz dIAW kImqW hn 2πi zrby ientIjrz[ (G) ieh
ifgrI(f) = 2 kys ivc 1‐&orm ieni&nytI qy &`t jWdw hY, qWhI ieh fomyx kOmpYkt nhIN,
pr hn s`B pOAYNt brwbr qy smUd, qy iksI vI bys pOAYNt 0 ∈ M2 qoN SUru huMdy swry pwQ
ientYgrlz u(z) =

∫ z

0
dz√

z2+az+b
nUM aultw iml dI hY C dI M2 au`qy iek holomori&k

srjYkSn z(u) s`c dYt z(u+ 2πi) = z(u) Aqy z(0) = 0[ (|) ivcwro ieko C dI nkl
ivc rhMdy XwxI k`t αβ coN nW lMGdy lUps qy iextYgrl jd β → α, qW bx jWdw hY ieh
koSI dw mShUr &OrmUlw

∮
dz

z−α = 2πim,m ∈ Z[ (c) k`tW qoN bxI M2 dI lUp αβα dw
pul‐bYk hY C dI iek ryKw ijs qy α qy β dy prI‐iemyj bwrI‐bwrI dUrI π qy hn, Bwv,
ieh do‐rUtI kys ivc bIj twiel hY 1‐ismplYks α0β0 qy ryKw hI bxdI hY Ehdy &ysYts
c lwiex dy do rY&lkSnz dI bwr‐bwr vrqoN nwl[ (C) pr‐not (50.02)‐

do hw&‐trnz ijhnW idAW irstirkSnz hn ieh rY&lYkSz, dy eIvx kOmpozISnz
nwl qksIm hY XunIvrsl kvirMg C → M2, qy pUry grUp nwl idMdI hY A`gy α qy β au`qy
brWc`f iek dUhrI kvirMg M2 → C:‐ twiel α0β0 dy isryAW coN lMGdIAW koeI do pYrYll
ryKWvw ivc hY grUp dw iek &MfwmYNtl 2‐sYl, qy rYKWvW &olf jo jWdIAW hn α0 qy β0 auqy,
so kOSYNt dw EAlr nMbr hY 2 − 2 + 1 = 1, vgYrw[� (j) pUrw mYp C → M2 → C
hY 'jYnyrlAwiezf swien &MkSn' z(u) dw skvyAr:‐ pihly mYp dy ieh iemyj z(u) hn
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pOAYNt (z,±
√
z2 + az + b) do SItW vwly rImwx grw& M2 dy, A`qy z2(u) hn C au`qy iek

isMgl vYlIauf grw& dy pOAYNt (z, z2 + az+ b)[� (J) ikhVI SIt c ikhVy rUt qoN AsIN
cldy hW qy hI inrBr krdy hn sYgmYNts qy ientIgrl∫

αβ
dz√

z2+az+b
= ±πi :‐ EhI

∫ +r

−r
dx√

r2−x2
≡ π qy AYnylIitk AYkstYnSn dsdI hY

ientIgrl kOnstYNt hy AY&wien 2‐svYlotyl CΩ2 aU`qy, msln, jy AsIN gyVI mwr vwps
koeI iekuySn � AWdy hW ik ho jWdI hY rUtW {α, β} dI Adlw‐bdlI, qy nwl hI ientYgrYNf
c skvYAr rUt‐‐jo A`DI spIfy Gumdw hY‐‐bdl lYNdw hY swien[� (v@) lwiex R c kYd
sdw vKry n pwrtIklz dw Erfr EhI rihMdw hy, so rIAl n‐svYlotYl RΩn [‐EpYx
n‐sYl hY, qy AYs auqy qW rUtW dy grw& G idAW n SIts ifsjOAYNt hn[ pr plyx C dI
Kul ivc swrIAW n! prmUtYSnz sMBv hn, so CΩn au`qy nW isr& G konYkitf hY EhdIAW
kvirMg trWs&OrmYSnz dy grUp dw Erfr hY pUrw n! A`qy AYs au`qy srjYkt krdw hY
kOmplYks AY&wiex n‐svYlotyl CΩn dw &MfwmYNtl grUp[� (t) CΩn dy kIsI pwQ nUM jy
AsIN C× R ivc q`kdy hW qW pwrtIklz buxdy idKdy hn n l`tW dI guq, ieh &MfwmYNtl
grUp hY Awritx dw nQ bryf grUp, so kvirMg spYs G au`qy iehdw AYkSn XW monofromI
jmdI hY gwlvw dw grUp jInIirk ifgrI n iekueySn dw[� (T) c`ldy n = 2 kys

kvwfryitk iekueySnz dI topolojI hI A`q roc`k hY! grw& G hY hux fIlIitf skvyAr
C2 mn&I fweygkl, swry vKry Erfrf joVy (α, β), swry AnErfrf {α, β} hn CΩ2,
donoN spys topoloijklI (C\0)×C ' S1 hn, qy kvirMg mYp (α, β) 7→ {α, β} Z2‐homotopI
twiep qk S1 dw AYNtIpofl so skvyAirMg mYp hY[� (f) homojIns kvwfryitk rIAl
iekueySnW dI svYlotyl RPΩ2 hY EpYx mObIAs stirp:‐ EhI mobIAs dI ienvrSn bwd
R̂ dI jghw S1 qy AYNtIpofl rUt A`D‐GUm, qy bwkI pUrw Gum, vwps muV jo AWdy ny (AYNvy
hI RPΩn dI topolojI vgYrw, pr bwkI hY Ajy sIkilk XW S1‐homolojI)[� (F) kloXr
stirp dw ikqy Cotw hY swrIAW homojIns rIAl kvwfryitks RP 2 qoN pr jwdueI hY ik 2‐
sYl RΩ2 idAW iekueySnW vwlw skUlI &ormUlw hr � ∈ CP 2 nUM hl krdY (qy ieho mobIAs
rIjIifItI XW AYnylYitk AYkstYnSn dy jwdU kwrx kw&I hY hl krxw RΩn ⊂ CPn idAW
iekueySnz, jo AsIN jmYtrI p`KoN qW qkrIbx kr cuky hW hr n > 2 leI Eh n‐hw& trnz
vwlIAW tweIlW nwl bMDy mYromOr&k koSYNts dy pIrIAfz nwl, pr bwkI hY kuJ ksr qy
irSqw m`m&orf Awid dy &OrmulyAW nwl)[� (x) homojIns kvwfryitk kOmplYks iekueySnW
dI svYlotyl CPΩ2 hY ∼= RP 2 dw tYNjYNt bMfl:‐ iek R̂3 dI mobIAs ienvrSn bwd rUt Ĉ
dI jghw iek gol S2 dy joVy bx jWdy hn, swry AYNtIpofl bxWdy hn RP 2 qy i&ksf rihMdy
hn &wiebr mYp Q`ly, jo iksI hor vKry joVy {α, β} nUM mYp krdY Es ±γ qy jo EhnW coN
lMGdy iekloqy gryt srkl qy imf‐pOAYNt δ dy nOrml hY[� so CPΩ2 ' RP 2 gol S2 au`qy
swry rIpYilMg joVyAW dI stybl sbspYs (pr bwkI hY n rIpYilMg pwrtIklz leI CPΩn

dw ieho kOmpYkt fI&OrmYSn rItrYkt)[ (q) swfIAW svYlotylz qy Qom idAW kOmplImYNtrI
hn, ieh hn swry � ijhnW dy rUt G`t hn Bwv ifskrImInYNt = 0 : CPΩ2 hY CP 2

mn&I kvwfryitks az2 + bzw+ cw2 = 0 s`c dYt b2 − 4ac = 0 ijs dw nybrhuf CP 2

mn&I RP 2 hY S2 qy iek bMfl:‐ kvwfryitk ijs dy dono rUt hn α ∈ Ĉ ∼= S2 dy &weIbr
c hn lMGdy swry gryt srkl mn&I −α[� (Q) ijs dw S2×S2 → S2 ∗S2

∼=→ CP 2 c
pul‐bYk hY ∼= S2 dw tYNjYNt bMfl:‐ swry nOrml (α, β) jo bxWdy hn iek T1(S

2) ∼= RP 3

jo S2 × S2 c sypyryt krdw iehdy fweygnl qy stybl 2‐s&IAr, qy Q`ly S2 ∗ S2 c iek
T1(RP 2) sYpyryt krdw hY fweygnl S2 nUM stybl RP 2 qoN[� (d) purwxy gixq dw shI
mul pwxw Awm ieiqhwskwrW dy b`s dw km nhIN, AwrnOlf vWg

S2 ∗ · · · ∗S2
∼=→ CPn nUM vIeytw dI QIErm kihx c dm hY:‐ zrUr Es porwqx twiem
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mYnI&olfz qW pwsy, kOmplYks nMbr vI bhoq dUr BivK ivc sn, pr kOAY&ISYNt rUtW idAW
AYlImYNtrI sIimtirk &MkSnz hn dw pqw sI AYs purwxy nUM! mMndy S2 nUM Ĉ ieho fY&InySn
hY swfy mYp dI, qy sp`St hY ieh vn‐vn qy kOntInuAs hY iek klozf sufomYnI&olf qoN ausI
fweImYnSn dy iek konYkitf klozf mYnI&olf ivc, so ieh mYp EntU vI hY qy sufomYnI&olf
drA`sl mYnI&olf hY[� (D) sIimtirk pwvrz c ieh AY& tI ey C ∗ · · · ∗C

∼=→ Cn A`gy
dsdI hY n v`Kry rUtW idAW sIimtirk kOntInuAs &MkSnW qy koAY&ISYNts idAW kOntInuAs
&MkSnW ieko hn:‐ C×· · ·×C → C∗ · · · ∗C qy AYs vIeytw homIEmori&zm dI kOmpozISn
AYkstYNf krdI hY n vKry rUtW dy kvirMg mYp G→ CΩn nwl sMbMiDq pirnsIpl n!‐&olf
kvirMg mYp[� (n) qy ieh nqIjw shI rihMdw hY jy 'kOntInuAs' dI QW hY 'rYSnl' XW &yr
'pOlInomIAl':‐ kvirMg mYp kOmlYks AYnyilitk vgYrw qoN ieh ink`ldw hY Evr C mqlb
swry pOlInomIAlz leI[ pr A`gy, C dy iksI sb&Ilf F leI, AsIN isr& Eh hI lY skdy
hW ijhxw idAW swry F‐pOAYNts qy kImqW vI F ivc hn[� (p) 'kYlkONk' � ∈ CΩn leI
AYs Evr Q SuD Al‐j`birk nqIjy‐‐jo nIautx q`k jMvW p`kw sI‐‐dI Xwd nwl hI SUru
huMdI hY XordW dy "qryqy" dI qIjI lIvr : 'AsIN jwxdy hW rUtW dI koeI (rYSnl) sImItirk
&MkSn kOAY&ISYNts dI rYSnl &MkSn hY ...'

(P) AYs nIautx QIErm qoN J`t fI&wiex ho jWdw hy 'Swk' � ∈ CΩn leI rUtW dw Eh
prmUtySn grUp ijs nwl AsIN hux joVdy hW gwlvw dw nwm (AYbstrYkt grUp qy Sbd
&Ilf dUr BivK ivc hn, ieh nhIN qryqy ivc) := sB qoN Cotw s`c dYt kOAY&ISYNts qy ieh
prmUtySnz Q`ly ienvyrIAYNt rUtW dIAW rySnl &MkSnz ieko hn[� (b) jMglI qW hY pr �
dw gwlvw grUp pUry Erfr n! dw hY CΩn dy fYNs sbsYt au`qy:‐ jmW, mn&I, zrb, qksIm
nwl kwauNtybl hI bxdIAW hn rUtW dIAW rYSnl &MkSnz, qy hr AYsI nOn‐sIimtirk iek
kOAY&ISYNts dI‐‐so sIimtirk‐‐&MkSn EdoN hI hY jdo rUtW ivc hY A`l‐j`birk sMmbMD, so
isr& iek klOzf novyXr fYNs sYt qy[� ifsjOAYNt nOn‐AYmptI sYt ijQy gwlvw grUp dw
Erfr hY n! dw ieko fIvweIzr, ik ieh s`B CΩn ivc nW isr& fYNs pr A`n‐kwauNtybl
qy nOn‐mYX`rybl vI hn? (B) qryqy dw 'lYm 3' (Aj dI BwSw ivc ik spilitMg &Ilf ieko
AYlImYNt jYnyryt kr skdw hY) : � dy rUtW dy ieko ientIgrl kOmbInySn qy kOAY&ISYts
ivc rYSn`lI lIKy jw skdy hn swry rYt:‐

"lYm 2 : F (x) = 0 dy rUtW dy qkrIbx swry ieh kOmbInySnz V1 =M1x1+M2x2+· · ·
dIAW Adlw‐bdlIAW α Q`ly n! iBx kImqW Vα hn[' so AigAwq V ivc ifgrI (n−1)!
iekueySn ijhdy rUt hn {Vα : α(x1) = x1} ieh (n− 1)! prmutySnz Qly kwiem hY, qy
iksI hor Qly bx jWdI hY jMvW v`Kry rUtW vwlI[ A`gy AYs dy kOAY&ISYNt ilKy jw skdy hn
(rYSnlI) x1 qy x2, x3, . . . idAW smItirk &MkSnz ivc, so x1 qy F (x)

x−x1
= 0 dy kOAY&ISYts

ivc, so x1 qy F (x) = 0 dy kOAY&ISYts ivc[ AYs rYSnl AweIfYNtItI f(V, x1) = 0 nUM
hux pVo f(V1, x) = 0 ivd x A`igAwq[ ieko rUt, x1, sWJw hY iehdw qy F (x) = 0 dw[
mqlb x− x1 eyc sI AY& hY iehxw dw[ jo AsIN Xukilf dy qrIky nwl k`f skdy hW, so
x1 nUM V1 qy F (x) = 0 dy kOAY&ISYNtW ivc rYSnlI ilK skdy hW['� (m) iksI vI rUtW dI
rYSnl &MkSn V1, qy � ∈ CΩn ijs qy hn AYs idAW ieh n! v`KrIAW kImqW Vα, leI
shI hY 'qyEr`m &ONdwmONqwl' : ifgrI n! gwlvw dI iekueySn

∏
α(V − Vα) = 0 dI � qy

&YktrAweIzySn idMdI hY gwlvw grUp dy swry Eribt:‐
'koAY&ISYNt AYs iekueySn dy sIimtirk hn, so � qy koAY&ISYNtW ivc rYSnl &MkSnW

dy &Ilf F ivc hn, A`qy gl ho rhI hY Evr F pUrI &YktrweIzySn dI[ 'lYm 3' nwl
rUtW dI rYSnl &MkSn nUM AsIN kIsI iek Vα dI Evr R rYSnl &MkSn ψ(Vα) ilK s`kdy
hW[ prmUtySnW joVdIAW Vα dy &yktr dy Vβ bxWdIAW hn grUp[ jy ψ(Vα) ienvYrIAYNt
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hY AYs Q`ly, mqlb ieh Vβ ivc sIimtirk rYSnl Evr F &MkSn hY, qW vrqdy Evr F
nIautx QIErm ieh &Yktr dy koAY&ISYNts dI rYSnl Evr F &MkSn hY[ pr kOAY&ISYNts
&Yktr dy F ivc hn, so ψ(Vα) brwbr hY F dI &MkSn[ dUjy lot, AYxI sIimtrI lwzmI
hY jy rUtW dI &MkSn ψ(Vα) brwbr hY F dI &MkSn : ikauNik Vα sWJw rUt hY AYs brwbrI
A`qy Awpxy Evr F ierrIfIausIbl &Yktr dw, so‐‐'lYm 1'‐‐ies &Yktr dy swr dy swryy
Vβ leI vI ieh brwbrI shI hY['� (X) gwlvw(�) dy sbgrUpW nUM smJx leI gwlvw dw
qrIkw XW "gwlvw QIErI" :‐Evr kOAY&ISYNt A`qy kuJ hor AYfjOxf nMbrW dy &Ilf auqlI
ifgrI n! iekueySn dy ierrIfIausIbl &Yktr Coty qoN Coty bxwey jw skdy ny, iehxW dy Vβ
nUM joVdIAW prmUtySnW idMdIAW hn swry sbgrUp, vgYrw[� (r) kIsI iekueySnW dy sYt
K ⊂ CΩn dy gwlvw(�) jYnyryt krdy hn gwlvw(K), so jy iek gwlvw(�) dw Erfr hY
n! qW gwlvw(K) ivc hn swrIAW kvirMg trWs&OrmYSnW[ ieh 'A`l‐jbirk grUp' nhIN
irnBr krdw ikMvy K dw vrnx kr rhy hn kuJ pYrwmItrz k, pr

gwlvw(K) idAW Eh trWs&OrmYSnW jo pYrwmItrz k dI spYs au`qy kIsI SIt nUM EhI
kOmponYNt ivc mYp kridAW hn bxWdIAW hn nOrml sbgrUp, Aqy ieh 'monofromI sbgrUp'
Aksr Coty huMdy hn:‐ auDwrx : kvwfryitks ivd rUt‐s`m zIro z2 − k = 0, k 6= 0 hY iek
pMkc`rf plyn K ⊂ CΩ2 ijs qy rUtW dw grw& konYkitf hY, so ies 1‐1 pYrwmItr k nwl
monofromI pUrI gwlvw(K) ∼= Z2 hY; pr jy AsIN K nUM mxdy hW iekueySnW z2−k2 = 0, k 6= 0

qW ies 2‐1 pYrwmItr k dI spys auqy pulf‐bYk rUtW idAW do ifsjOAYNt SItW hn, so hux
monofromI sbgrUp tirvIAl hY[ qy hmySw nOrml hY monofromI ikauNik k‐spys auqy n!‐&olf
kvirMg spys dI koeI trWs&ormYSn g komponYNts nUM kOmponYNts qy mYp krdI hY, so jy h swrY
kOmponYNts prIzrv krdI hY qW ghg−1 vI iesI iksm dI hY[� (l) qryqy dI ieh srl
auDwrx Dur q`k jYnyrylwiez ho jWdI hY : ifskrImInYNt dw skvyAr rUt hY CΩn dw iek
kOnYkitf dUhrw kvr ijs qy pulf‐bYk n!‐&olf kvirMg spys dy hn do kOmponYNt ijhnW
dIAW SItW drimAwx hn rUtW idAW kyvl eIvn Adlw‐bdlIAW, so ieh pYrwmItrz Q`ly
monofromI sbgrUp dw Erfr hY n!/2:‐

ieh pYrwmItrz hn ihldI � ∈ CΩn dy koAY&ISYNt A`qy iek skvYAr rUt iehnW dI
Eh &MkSn dw jo brwbr hY rUtW dI simtirk &MkSn (

∏
(xi − xj))

2, so jy gyVI mwr
iehxW dI AsIN vwps AWdy hW AsMBv hY ik isr& do rUtW dI Adlw‐bdlI hI hoeI hovy
ikauNik AYs Q`ly

∏
(xi−xj) swiex bdl lYNdw hY[ msln � ∈ CΩ2 leI ieh pYrwmItrz

hn kvwfryitkW x2 + bx + c = 0 dy koAY&ISYNt b, c A`qy ±
√
b2 − 4c, pr hux, ikauNik

pulf‐bYk 2!‐kvirMg spys tirvIAl hY, dono rUt x1 qy x2 vI kwiem hn pul‐bYk qy, so
ieh pYrwmItrz c hY rYSnl &OrmUlw rUtW leI[ iblkul AYNvyN, iksI vI n leI zrUrI qy
kw&I hY swrIAW iekueySnW � ∈ CΩn nUM hl krx leI : iek kOAY&ISYNts nwl fI&wiexf
iehdI pirnsIpl n!‐&Olf kvirMg spys dw pul‐bYk jo tirvIAl hY[ A`gy, ifskrImInYNt
dw hY hr n leI koAY&ISYNts ivc iek suMdr fytrmInYNtl &OrmUlw, dyKo brnswief pYntn,
qy iehdw skvyAr rUt rIAl svYlotYl RΩn dy &MfwmYNtl pwrtISn dy hr aucq`m ih`sy nUM
bwauNfrI qy Kol iek A`D qoN pUrI n‐spys Rn bxw idMdw hY[� (v) msln rIAl ikauibks
ijhnW dw rUt‐s`m hY zIro qy ifskrImInYNt AYs qoN v`fw dI ieh dohrI Ax&olifMg nUM hI A`gy
kIaub rUts nwl pUrw Ax&olf kr Kvwr`zmI dy rynysWs cylyAw ny bxweyAw sI A`l‐jbirk
not 11 dw kwrfwx &OrmUlw, dUjy hI p`xy qy AYs prcy dy, qy hux iKAwm dI s`B qoN ipAwrI
r`cnW qoN, ijs qoN sw& sI nwl bxwvt pUry rIAl rUtW dy grw& dI!

AYs grw& dy morpMKI S dohry kvr dy kloXr au`qy hn srkl ijhnW dy ieko pIrIAf
dI trweIsYkSn, not 13, krdw ieh &ormUlw AYnylIitk AYkstynSn nwl pUry CΩ3 ' S1
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qy lwgu hY, XwxI ik dohry kvr dI ieh 3‐1 pYrwmItrweIzySn gwlvw(CΩ3) = S3 dy
monofromI sbgrup A3 nUM A`gy pUrw tirvIAl bxw idMdI hY[ ifgrI n = 4 iekueySnW leI
vI ieho swDx vr`qdw hY &YrwrI dw &ormUlw sdky ies Kws q`Q dy ik isr& An, n = 4 dw
hY iek hor norml sbgrup jo hY klwiex dw &Irgrupw:‐ ifskrImInYNt dy skvyAr rUt
nwl bxI monofromI A4 iek 3‐1 kvr Qly bx jWdI hY Z/2 × Z/2 qy nwl hl ho jWdI
hy rIfIaUisMg kIauibk‐‐dyKo brxswief pYntn‐‐ijs dy rUtW dy skvyAr rUtW qo bx jWdw
hY shjy 4‐1 kvr jo monofromI nUM pUrw tirvIAl bxW idMdw hY[� ik nwqw hY hwSqrudI
dy qrIky nwl Ajy Sys hY, pr zwihr hY A4 dI iek KwsIAq iesqmwl krdw ieh qrIkw
A`gy nhIN quru[ (V) Swied ieh kwrx hI Awbl ny SUru kIqI sI qYlwS dohrI pIrIEifk
&MkSnW dI? jo EhnUM iml gey lwXoNdr dy ientYgrl aultw ky[

qryqy dy not 506 dw ifgrI cwr iekueySnW leI qrIkw is`Dw A4 qoN monofromI tirvIAl
bxWdw hY, iesqmwl krdw XwkobI dIAW ieilpitk &MkSnW dy pIrIAf:‐ 'vOrm‐Ap' sI
ArmIq leI ieh ieho pIrIAfW nwl ifgrI pMj iekueySnW SoDx qoN pihlW (pr izAwdw
kudrqI hY Ehdy qy kronykr dy n = 5 qrIkyAw qoN jo Gumdy hn iekoswhyfrx igrd ijs
vrgw kuJ nhIN n > 4 XukilfIAx spys ivc)[ ieh qrIky dw krIbI hY swfw &or hw&
trnz qrIkw : ifskrImInYNt dy skvyAr rUt dy 2‐1 grw& au`qy hr � dy rUtW qoN bxI
fblf twieilMg dy pIrIAf koAY&ISYNts qoN bxy ielIpitk ienitgrl idMdy hn so iehnW dI
bweIsykSn idMdI hY iekueySn dy rUt[� kIauibks ivd rut‐sm zIro leI vI hY vweyrStrws
dI ℘(z) nwl dohrI pIrIEifk pYrwmItrweIzySn, qy gl jMvW sw& ho jWdI hY AYs qoN ik,
hr ifgrI n > 4 leI km krdw hY ieh n hw& trnz dw qrIkw, qy Kud bw Kud rYlyitvItI
auBr AWdI hY:‐ ieh AYs leI ik � dy rUtW qoN ieh twieilMg bxwxw mMgdw hY AYNgl
sm 2π, so BujWvW konkyv srkulr bx jWdIAW hn qy ieh grUp dI mwr iek &weynwiet
rYfIAs dI EpYx ifsk hI rih jWdI hY : C`fxw pYNdw hY swxU XukilfIAx pKMf iex&ynwiet
plyn dw! pr duey h`Q ieh f`blf tweIilMgz dy pIrIAf vI vYsy hI koAY&ISYNts qoN bxy
hweIprielIpitk ienitgrl dYNdy hn, so &yr smJo iehnW dI bweIsykSn hl kr dyNdI hY
AYnylIitk AYkstynSn nwl hr iekueySn � ∈ CΩn[�

gyVw jo iek hor pUrw ho igAw hY A`j, lY vwihgurU dw nwm mYN post kr irhw hW ieh
Bwg pMjvW, pr AMiqm itpxIAW nUM inKwrx Aqy qrjmy dw bwkI hY km[

ky AYs srkwrIAw 11 AprYl 2020
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