
s`B qoN ipAwrI r`cxw, Bwg qIjw

34. qrIkw not 33 dw, jo iek AigAwq x iv`c ifgrI n dI koeI vI iekueySn dy swry
rUt idMdw hY, dy nwl hI auTdy hn keI svwl[ ik iehnUM, ijMvy jwpdY, A`gy D`k ky kONjugyt
kOmplYks rUtW dy joVy vI imlH jwx gy, A`qy iehdI jIEmYtrI nUM kOmplYksI&eI krky C au`qy
swirAW iekueySnW dw hl vI ? izAwdw iKcwau iesqoN, ik koeI n-is&IAr dI jIEmYtrI
iesqmwl krdw A`qy ifstOrSn mukq iehdw Brw hY jo do AigAwq x Aqy y ivc swirAW
homojIns rIAl ifgrI n iekueySnW nUM hl krdY ? jy hW Kbry iek n-is&IArIkl vIeytw
vrgI ivDI hl krdI swrIAW iekueySnz E& projYkitv rIAl n-svYlotyl, i.e., swirAW
iekueySnW RPn idAW ijnHW dy swry rUt irAl hn, iek n-mYnI&olf-ivd-bwauNfrI ijhdI
topOlojI AsI k`F cu`ky hW, dyKo AY&t &tw nots (b|21,22) ? so AYnyilitk kONtInUeYSn dy
dyvygI -- ikNauik kOmplYks projYkitv n-svYlotyl, i.e., swirAW iekueySnz CPn idAW
ijnHW dy n vKry rUt hn, konYkitf Aqy fYNs hY -- iek &MkSn iQErYitk qrIkw C au`qy
swirAW iekueySnz hl krxdw ? AYpr, swfy leI rIAl n-svYlotyl (A`qy A`gy RPn XW
Esdy kvr Sn dw &MfwmYNtl pwrtISn) hI kud`rqI hY, nWik iekUeySnW nUM hL krdy &OrmUly,
ieh qW Awpy hI in`kl Awxy cwhIdy hn ieh dI jIEmYtrI dy igAwn qoN[

35. ieh mwrg ho skdY sWnUM &yr lY jwvy iKAwm dy qrIky qoN XordW dy "rYzolUsIEN pwr
ly iekuAwsIEN d l bIsyksIEN dy &ONksIEN ieprielIpqIk" q`k? ikauNik EhdI ikqwb
"qryqy dy s`bstItusIEN" (1870) dI ieh ivDI hI "&MkSn iQErYitk qrIkw C au`qy swirAW
iekueySnz hl krxdw" hovygw? hor bhuq kuJ sMbMiDq &MkSn QIaurI bwry hY aumymurw dy
prcy "rYzoilauSn E& A`lj`birk iekuyySnz bwey QItw kONstYNts" (1984) iv`c[ komplYks
n-svYlotyl dy hr poAYNt nwl bMDI hoeI hY iek hweIprieilpitk krv, jo hY jIns [n−1
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dw klozf 2-mYnI&olf, Aqy hweIprieilpitk &MkSnz iehnUM XUnI&ormwiez krdIAW hn[
ifgrI n = 5 iekueySnW leI, ieh jIns qW do hY, pr qWh vI ArmIq A`qy kronYkr ny
iehnW nUM 1858 iv`c ieilpitk mofulr &MkSnz nwl hI hl kr ilqw sI[ ies bVy Kws
kys n = 5 au`qy hor cwxn pwieAW sI bwd ivc klwien dI iekoswhYfrn au`qy ikqwb ny[
Ehdr, XunI&ormweIizMg dw jYnyrl ivcwr, XwxI ik AwpixAW Etomori&k &MkSnz nwl
komplYks krvz nUM "hl" krx dw, bwd ivc pvWkwry ny idqw sI[

36. not 33 idAW krvz P (α), α ∈ R pOAYNt p ∈ Rn−1 iv`coN ExI hI vwr lMGidAW
hn ijnHy AYs iekueySn p dy vKry irAl rUt hn, Aqy iksI hor Rn−1 dy pOAYNt ivcoN hd
iek vwr:- ikauNik p Kud Awpxw pRiqibMb EdoN qy EdoN hY jy p ∈ α⃝ Aqy dusry SISyAW α⃝
ivc iehdy iemyj Alg Alg hn[�

jy n Ef hY, XW BWvyN n eIvn pr p dw koeI irAl rut hY, qW P koeI vI Rn−1 qoN Coty
&lYt ivc nhIN:- jy c0(p0+2t(α))+c1(p1+α2t(α))+· · ·+cn−2(pn−2+αn−22t(α)),
ij`Qy t(α) = −αn+pn−2α

n−2+···+p1α+p0

α2(n−2)+···+α2+1
, koNstYNt hY s`B α leI, qW α = 0 drswENdw hY

ik ieh AweIfYNitklI −c0p0+c1p1+· · ·+cn−2pn−2 hy[ so c02t(α)+c1α2t(α)+· · ·+
cn−2α

n−22t(α) = −2c0p0, XwxI ik, (c0+c1α+ · · ·+cn−2α
n−2)(αn+pn−2α

n−2+
· · ·+ p1α+ p0) = c0p0(α

2(n−2) + · · ·+α2 +1)[ so cn−2 = cn−3 = 0, cn−4 = c0p0
A`qy cn−5 = 0[ jy c0p0 = 0 s`b ci zIro hn, jy nhIN c0p0 ̸= 0 nwl q`ksIm idMdI hY
(αn−4+bn−6α

n−6+· · ·+b0)(α
n+pn−2α

n−2+· · ·+p1α+p0) = α2(n−2)+· · ·+α2+1
ij`Qy bi = ci/cop0, pr ieh ho nhIN skdw jy dUjw &Yktr koeI α leI zIro hY, ikNauik s`jI
rkm hr α leI pozIitv hY[�

jy n eIvn hY qW igxqI dy C`tvyN p ∈ Rn−1 leI auqlw nqIjw shI nhIN, ieh hn Eh
ijhnW dy rut n/2 Alg konjugyt joVy hn jo XuxItI dy (2n− 2)Q rUt vI hn:- vrqo au`qy
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id`qI &YktrAweIzySn not krdy hoey ik α2(n−2) + · · ·+α2 +1 dy rUt ±1 nUM C`f XUxItI
dy swry (2n − 2)Q rUt hn[� hux aff(P ) ⊂ Rn−1 dI kofweImYnSn iek hY:- ikauNik
bwkI dy n− 2− n/2 joVy phly &Yktr nUM so ci/c0 nUM i&ks kr idMdy hn[�

so ieh C`tvyN Kws pOAYNtw dI igxqI hd
(
n−2
n/2

)
pr Aksr G`t hY, ikauNik p ∈ Rn−1

dy swry rUtW dw joV vI qW zIro cwihdw hY, m`slx, n = 6 leI koeI C`tvW poAYNt nhI:-
XunItI dy gvWfI 10Q rUtW 'c π/5 dw AYNgl hY[ iehnW dy cwr kONjugyt joVyAW coN koeI
iqx nUM jmW krky zIro nhIN bx s`kdw ikauNik qW cOQy dw joV w + w zIro hovygw jo shI
nhIN[� dujI qr&, jy 4|n qW

(
n/2−1
n/4

)
C`tvyN pOAYNt qW spSt hn:- koeI cwr {±w,±w}

kOmplYks XunItI dy (2n− 2)Q rUtW dW joV zIro hY, lY lvo n/4 AYsy kvwrtYt[� pr 4|n
zrUrI nhIN, n = 10 leI vI C`tvyN pOAYNt hn:- XUnItI dy 18Q gvWfI rUt π/9 dI dUrI qy
hn[ koeI iqx komplYks lY lvo ijxhW dI AwpsI dUrI 2π/3 hY, nwl EhnW dy kONjUgyt[
qW bwkI dy 5 kONjUgyt joVy bxWdy hn iek As`Dwrx p[�

37. ieh ik iek Kws pYrwbolw nUM srklW nwl kt ik nw isr& ifgrI 3 pr ifgrI 4
idAW iekueySnW nUM vI hl ikqw jw skdw hY - not 24 - dw Swied K`Xwm nUM pqw sI, pr
iehdr ieSwrw kuJ hI swl pihlW hwSqrUdI ny ikqw sI[ swfy leI, ieh pYrwbolw n = 4

dy iekloqy C`tvy pOAYNt nwl bMDyAw hoeyAw hY:- ieh poAYNt hY p = (1, 0, 1) jd t(α) = −1
A`qy P (α) = (−1,−2α, 1− 2α2), i.e., pYrwbolw u0 = −1, u2 = 1− u2

1/2[ ies leI
iksI x4 + u2x2 + u1x + u0 = 0 dy rIAl rUt AwpW Eh k`tW qoN p`V skdy hW jo ies
pYrwboly au`qy bxWdw hY (1, 0, 1) ivcoN lMGdw Eh 2-si&Ar ijhdw sYNtr (u0, u1, u2) hY[
so ieh hn Es srkl dy kt jo ies si&Ar A`qy plyn u0 = −1 au`qy hY, i.e., srkl
ivd SYNtr (−1, u1, u2) AYNf ryidAs

√
−4u0 + u2

1 + (u2 − 1)2 (Agr ieh iemYjInYrI
hY qW koeI rIAL rUt nhIN)[� so koeI ikauibk x3 + u2x + u1 = 0 hl huMdI hY plYn
u0 = 0 dy pYrwbolw u2 = 1− u2

1/2 au`qy Es srkl dy ktW nwl ijhdw sYNtr hY (u1, u2)
A`qy ryifAs

√
u2
1 + (u2 − 1)2 XwxI ik jo (0, 1) ivcoN lMGdw hY[�

pr jy n > 4 qW srklW nwl guzwrw nhIN, Awm p dy swfy jYnYrlAweIzf pYrwbolw P nUM
(n− 2)-si&ArW nwl, Aqy Kws XW C`tvyN p dy P nUM (n− 3)-si&ArW nwl ktxW lwzmI
hY[ ieh ies leI ik P (α) dy koeI n poAYNt ijhnW dy pYrwmItrz α dw joV zIro hY ieko
(n− 3)-si&Ar qy hn :- ieh hY ieMtrsYkSn aff(P ) A`qy Es (n− 2)-si&Ar dI jo p
ivcoN lMGdw hY Aqy ijs dw sYNtr ⊙ hY Eh ifgrI n dI iekueySn ijhdy n rUt pYrwmItr
α idAW ieh n kImqW hn[�

spys swirAw ifgrI n iekueySnW dI ijhnW dy n vKry rIAl rUt hn nUM projYkitvlI
kOmpYktI&weI krky bxdI hY Eh n-svYlotyl ijhdw izkr huxy AsI not 34 ivc ikqw sI[
iehdI topOlojI bwry swnUM pqw hY ik jy n Ef hY qw ieh isr& iek srkl qy klyzf (n−1)-
bOl dI Awm zrb hY, pr jy n eIvn hY qW ieh iehxW dI iek Kws Z/2-zrb hY[ hux swfy
Kws jYnYrlAweIzf pYrwbolw vI isr& n eIvn leI hI mOjUd hn Aqy EdoN vI isr& igxqI
dy[ ieh sMkyq krdw hY ik Kws jYnYrlAweIzf pYrwboly Swied vYx kYmpx Aqy StI&l dy
mOf 2 ienvyrIAYNts nwl juVy hn? pr jy AwpW phlW Esy spys nUM komlYksI&weI krdy
hW Aqy &yr kOmpYktI&weI qW bxdw hY klozf 2n-fweImYnSnl mYnI&olf CPn, ijhdy, jy
4 iehdI fweImYnSn nUM ivBwijq krdY, hn pONtrIAwigx dy Eh Z ienvyrIAYNts[ Kbry
iehnW dw vI kuJ lYxw dyxw hoey ies qQ nwl ik not 36 dI Es &YktrAweIzySn ivc Eh
do pOlInomIAlz idAW ifgrIAW ivc 4 dw AMqr sI ...

38. bgYr "rUtW dw joV zIro" dy not 33 dw qrIkw ieh bx jWdY :- koeI ifgrI n
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iekueySn xn+un−1xn−1+· · ·+u0 = 0 hY iek pOAYNt (u0, . . . , un−1) = ⊙ spYs Rn dw[
sbsYt α⃝ swirAW iekueySnW ijnhW dw α iek rUt hY hweIprplyn αn+un−1α

n−1+· · ·+
u0 = 0 hY[ iehnW s`B c`pty SIsyAW ivc iek i&ksf pOAYNt p = (p0, ..., pn−1) dy swry
pRqIibMb bxWdy hx pYrwmItrweIzf krv P (α) = (p0+2t(α), p1+α2t(α), . . . , pn−1+

αn−12t(α)), t(α) = −αn+pn−1α
n−1+···+p1α+p0

α2(n−1)+···+α2+1
[ so, iksI vI ifgrI n iekueySn ⊙

dy rIAl rUt AwpW pV skdy hW Eh k`tW qoN jo i&ksf krv P au`qy bxWdw hY p ivcoN lMGdw
Eh (n− 1)-si&Ar ijs dw sYNtr ⊙ hY[�

A`gy, aff(P ) ̸= Rn EdoN qy EdoN hI shI jdoN n eIvn hY Aqy xn+pn−1xn−1+ · · ·+p0
qksIm krdw hY x2(n−1) + · · ·+ x2 + 1 nUM; ieh

(
n−1
n/2

)
Kws poAYNts p leI aff(P ) dI

kofweImYnSn iek hY Aqy p ies ivc nhIN:- dlIl iblkul not 36 vWg[�
so kwS! hux ikauibks nUM vI hl krx leI spys krvz P hI hn[ pr ifgrI 4

iekueySnz leI hn R4 dy 3 Kws pOAYNt p = (1, 0, 0, 0), (1,±
√
2, 2,±

√
2) -- jo juVy hx

x6 + x4 + x2 +1 dy 3 fIvwiezrz x4 +1, x4 ±
√
2x3 +2x2 ±

√
2x+1 nwl -- ijnhW

dy krvz P iqx fImYnSnl c`ptyAW ivc hn[ Aqy hW! n = 2 leI ieklOqw Kws pOAYNt
p idMdw hY kvwfryitk x2 + u1x + u0 = 0 nUM hl krdw srkl mYQ`f:- plyn R2 ivc
bxwE p = (0, 1) ivcoN lMGdw srkl ijhdw sYNtr (u0, u1) hY Aqy not kro Ehdy lwien
P (α) = (−1,−2α) au`qy ≤ 2 kt "α"[� pr nw BulIey! AwpW kol Eh skuly isKyAw
vrg pUrqI - dyKo qsvIr - vwlw qrIkw vI hY kvwfryitks leI[

39. AYNvYN hI AsI dRiSq kIaub pUrqI Aqy A`gy n-kIaub purqI vI kr skdy hW[ kuJ
EKy AsI AiDAW ikauibks qW ieMj hl kr ilqIAW sn, pr phlI nzry jwpdY ik n > 3
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leI ies ivDI nwl kuJ Kws h`Q nhIN l`gygw[ hW, dUjI t`rm nUM zrUr hmySW gul kr skdy
hW AsI AYNvYN[ pr pwrtI qo ABI SurU hUeI hy! ieh skulI XukqI hI drvwzw hY spys E&
iekueysnz dIAW mUl sImItrIz nUM smJx leI[

msln, rIAl lwien dy moSnz x 7→ ±x+ t AYkt krdy hn spys E& El iekueySnz
au`qy sbstIcuSnz x 7→ ±x + t rWhI, Aqy ies AYkSn dy Eribt vI AsIN kYlkulyt kr
skdy hW vrqdy hoey (a+ b)n =

∑(
n
i

)
aibn−i :- XwxI ik jmW Aqy zrb ivc mUl irSqw

jo icqr ivc bybI Aljbrw isD kr rhI hY[�
swirAW Rn dIAW &MfwmYNtl sqrW A`gy ieh AYkSn dy Eribts ivc ivBwijq ho jWidAW

hn:- ikauNik jy purwxI iekueySn dy n − 2k v`Kry rIAl rUts sn, qW nMvI iekueySn dy
vI iblkul eYxy hI hn[�

AYpr, "swry rUts brwbr" vwlI sqr ivc iek hI Eribt hY, Aqy ieh kspwiefl krv
rIskyilMg qk iek momYNt krv hY:- ikauNik xn+un−1xn−1+ · · ·+u1x+u0 = (x− t)n

idMdw hY ui(t) = (−1)n−i
(
n
i

)
tn−i, 0 ≤ i ≤ n− 1, t ∈ R.�

ies krv nUM "α" qy cuMmdw hweIprplyn α⃝ hY :- ieMtrsYkSnz αn + un−1α
n−1 +

· · · + u0 = 0 dy krv nwl l`Bx leI put ui = (−1)n−i
(
n
i

)
tn−i Aqy t leI hl kro[

ikauNik ieh idMdw hY (α− t)n = 0, α⃝ krv nUM n vwr k`tdw hY t = α qy[�
so, ieh ieklOqI krv nW isr& Rn dI swrI &MfwmYNtl pwrtISn, pr iehdy au`qy swry

irAl rUts dw grw& G vI i&ks kr idMdI hY:- ieh grw& G ⊂ Rn × R ifsjOAYNt
XuixAx hY hr twiem t ∈ R coN lMGdy c`ptyAW dw jo krv dy pOAYNt "t" au`qy EhnUM cuMmdy Rn

dy hweIprplynz dy pYryll hn[ Eh mYksIml EpYx sYt ijnhW au`qy G → Rn dy &weIbrz
dI sMKyAw n, n− 2, Awid hY, Rn dy &MfwmYNtl pwrts hn[�

ieh ik, hr ⊙ ∈ Rn dy rIAl rUt α AwpW pV skdy hW iehdy ivcoN lMGdy Aqy au`qlI
k`spwiefl krv nUM cuMmdy hweIprplynz qoN, jYnyrylwiez krdw hY kuJ not 28 ivc idqI
K`Xwm dy qrIky dI kmzor jYnyrlAweIzySn:- ikauNik jy α ̸= 0 qW α⃝∩Rn−1 cuMmdw hY Eh
"lwl krvz" nUM EhnW dy "α" qy[�

so "rUtW dw joV zIro" iqAwgx dy &lsrUp AsIN Eh do nokdwr "lwl krvz" dI jgh hux
ieko sohxI smUd kspwiefl krv iesqmwl krx lg pey hW[ Agy ieh krv, drAsl,
koeI vI Eribt jYnyryt krdy hn ienvolUSnz x 7→ −x + 2α:- ikauNik lwien dy moSn
jYnyryt krdy hn iehdy rI&lYkSn x 7→ −x+ 2α[� ieh ienvolUSnz α̃ hweIprplynz
α⃝ nUM prIzrv krdy hn:- ikauNik t EdoN qy EdoN hI ⊙ dw rUt hY jdoN −t+2α rUt hY α̃(⊙)

dw[� pr ieh Erfr dO dy non lInIAr mYp Rn dy rI&lYkSn nhIN hn, Aqy n eIvn leI
qW α̃ dy i&ksf pOAYNt α⃝ dy ANdr vI nhIN hn:- koeI iekueySn EdoN qy EdoN hI i&ksf
hY jy Ehdy rUt sImItirk hn α doAwly[� so jy koeI ifstYNs hY vI jo ienvyrIAYNt hY ieh
sB ienvolUSnz Q`ly, lgdw nhIN ik Eh bhoqI mdd krygw ies cuMmdy hweIprplynz nwl
iekueySnW nUM hl krn dy qrIky ivc[

40. SYgmYNts dI jmw Aqy zrb Aqy iehxW dy ifskrIt rUp - jo iek bloks nwl Kyldw
bwl vI BWp skdY - ivc koeI AMqr nhIN jy AwpW nUM koeI ieqrwz nhIN 30.199... = 30.2

Awid nwl, dyKo PG&R-V, note (30.199...)[ ies iKAwl qoN cldy hI AsI jmw Aqy zrb
ivc mUl irSqy nUM spys E& ifgrI n rIAL iekueySnz dy iek stYfI moSn v`joN dyKnw Suru
kr idqw sI[ pr Awh kI jwdU ! ies stYfI moSn dy hI iek Eribt qoN hI au`qpx ho rhy
hn &MfwmYNtl pwrtISn dy swry mYnI&olf[ so kudrqI hY hux svwl : ik iehdw PG&R
dI kwrtISIAn krIeySn nwl koeI q`luk hY ? (pr Xwd rhy ik iehdy ivc iesqmwl kIqy
gey "kwrtISIAx moSnz" iblkul hI AnstYfI sn; so incy not 42, 43, vgYrw ivc
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AsIN jo AYsY kuJ moSnz dI vrqoN krWgy, EhnW dw ieh stYfI "bybI moSn" nwl koeI isDw
BOiqk nwqw nhIN[) pr A`gy jwx qON phlW iek gl mn lYxI cwihdI hY[ s`c puCo qW ieko
pwrt, isr& n-svYlotyl, nUM hI Eribt ny krIeyt kIqw sI, dUjyAW leI AsIN komplYks
nMbrW dI CupI vrqoN kIqI sI:- cuMmdy hweIprplyn isr& rIAl rUt idMdy ny, jo hmySW ⊙
dw strwtm i&ks nhIN krdw[ ijMvy ik iek ifgrI 4 iekueySn dy Agr do Alg rUt
r Aqy s hn qW mumikx Ehdy rUt {r, r, s, s} Awid XW {r, s, a ± b} ho skdy ny, pr hW
isr& AwKrI iekueySn iek Epn strwtm ivc hY[� so svwl AwpW bdl idMdy hW : ik
svYlotYl dw iekO Eribt qoN bxnw Aqy kwrtISIAn rcnw ivc sMbMD hY; Aqy jy hW, ik
ieh Eribt &weynwiet twimz ivc Ehdy AMdr klozf sbmYnI&olf vI r`c s`kdI hY, jo
A`gy PG&R-V, note 28 vWg AwpxIAw ijExW ijMdy nY ?

41. kOmplYks nMbrW ivc bhuq Dn hY, rwh qoN Btkwx vwlw Dn! Btkx qoN b`cx leI
Awpxw &oks rIAl svYlotyl XW hd iehdy kloXr au`qy rKxw zrUrI hY ikauNik ieh klozf
sbsYt RPn ⊂ CPn dw hI mUl jwpdY[ pr qW vI not krxw bxdw hY ik

not 39 dy qrIky nUM komplYksI&weI krky AsIN sB iekUeysnW hl kr skdy hW:-
koeI n pOAYNt kspweIfl krv dy muk`rr krdy hn iekueySn ⊙ svYlotyl dI ijhdy rUt
Eh hn, A`qy ⊙ coN lMGdy qy krv nUM cuMmdy hweIprplyn vwps ieh pOAYNt dy idMdy ny[
kspweIfl krv dy kloXr ivc isr& iek hor pOAYNt ∞ hY, homojIns iekueySn x Aqy y
dI ijhdy swry rut ien&InItI qy hn[ qWhIN, klozf n-svYlotyl--swrIAW rIAl ifgrI
n homojIns ien x AYNf y iekueySnz ijhnW dy sb rUt rIAl hn--dI topOlojI srkl dy
nQ sImItirk pwvr Symn(S1) vwlI hY[ pr, &MfwmYNtl QIErm E& Aljbrw khMdI hY
ik iehdI kOmplYksIi&kySn hY CPn, A`qy komplYksI&weIf klozf kspweIfl krv hY
iek 2-si&Ar C ∪∞ = S2[ so, komplYks projYkitv hweIprplyn jo ⊙ ∈ CPn coN
lMGdy ieh komplYks projYitv krv S2 ⊂ CPn nUM cuMmdy ny Eh ⊙ nUM hl krdy ny, XwxI
ik, ienvrs &MfwmYNtl homIEmori&zm CPn → Symn(S2) idMdy hn[�

so AwpW muV EQy – PG&R-V, footnote 20 – hW ij`QoN ieh "pI jI AYNf Awr" dI hux
vfI Aljbrwiek twhnI &utI[ ies kwrtIsIAn jnm auprWq FTA ny komplYks nMbrW
dy kiQq jwdU XW Awpwr Dn dw Byd Kol idqw sI[ glH ieh hY ik iehnW dI fweImYnSn
m = 2 Eh ieklOqI fweImYnSn ieh ijs dy mYnI&olfW dy sImItirk pwvrz vI mYnI&olfz
hn[ pr ies ilhwj nwl irAl nMbrW dI fweImYnSn m = 1 QoVI hI mwVI hY[ ies
fweImYnSn dy mYnI&olfz dy sImItirk pwvrz mYnI&olfz qW nhIN pr mYnI&oldz-ivd-
bwauNfrI hn[ A`gly prcy aft FTA ivc AsIN keI hor cIzw qoN ielwvw ies fweImYnSn
dy ieklOqy klozf mYnI&olf S1 idAW ieh pwvrz Symn(S1) dI topolojI vI smJ ilqI
sI[ EDr fweImYnSn m = 2 dy ien&weynwiet klozf mYnI&olf M2 hn Aqy iehnW sB
dIAW sImItirk pwvrz Symn(M2) dI topolojI bwry Ajy vI sB kuJ nhIN pqw[ AsIN
FTA ivc iksI vI m leI ieh pwvrz Symn(Rm) dI topolojI kOmipaut ikqI sI[ ho
skdw hY ik m = 4 Aqy m = 8 leI iehnW dy nOn isMgulr pOAYNts iksI ArQW ivc
kotrnIEink Aqy EktonIEink svYlotylz hn ?

42. prqdy svwl nUM jo not 40 dy AMq ivc hY, iek jvwb qW ieh hY[ koeI kwrtISIAn
moSn ijhdy ivc kIsI vI twiem hd iek rUt ihldw hY, Aqy kdy nW kdy ihldw vI zrUr
hY AwpxI pCwx Koey bgYr, svYlotyl nUM r`cdw hY:- koeI iekueySn svYlotyl dI, ieMtrsYkSn
α1 ∩ . . .∩αn hY Eh n cuMmdy hweIprplynz dw jo EhnUM hl krdy nY[ ieko nUM Kwirj krky
imldIAW hn, n lwiexW α1∩ . . .∩ α̂j ∩ . . .∩αn lMGidAW svYlotyl dy hr pOAYNt ⊙ ivcoN[
A`gy, iehnW coN koeI vI lwien dy n − 1 pOAYNt hI AYsY hn jo svYlotyl ivc nhIN, ieh
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hn Eh ijQy ihldw rUt ApxI pCwx Ko bYTdw hY, Aqy koeI Kloqy rUt αi, i ̸= j dy brwbr
ho jWdw hY[ so, mn&I krky ieh n − 1 pOAYNt, ijQy lwien bwauNfrI dI auqlI sqr nwl
tYNjYNt hY, b`cdy hn Ehdy n ihsy jo svYlotyl AMdr rhMdy ny[ jdoN koeI ⊙ ihldw hY qW jo
Ehdy ivcoN n ryKWvw guzridAW hn, EhnW coN iek ryKw au`qy Awpxy ihsy au`qy hI ihldw hY[
A`gy AwpW nUN pqw hY ik kdy nw kdy iehnW n ivcoN hr ryKw au`qy ihlygw zrUr[ so imnIml
sYt -- XwxI ik iek sb qoN Cotw sYcurYitf XuinAx kwrtISIAn moSn dy Eribts dw --
koeI vI ⊙ dw, ijhdy n vKry rIAl rUt hn, XUnIAx hY swirAW lweInW dy swryAW ihsyAw
dw, XwxI ik, Eh swry dI swrI svYlotyl hI hY[�

43. AYsw moSn svYlotyl dI bwauNfrI idAW swirAW sqrW vI r`cdw hY:- isMmpl rUts
dI "pCwx" sI EhxW dI isMmplIsItI, iksI vI rUt dI pCwx hY EhdI mltIplIsItI[
s`qr iksI ⊙ dI, ijhdy sb rUt rIAL hn, muk`rr krdw hY Ehdw twiep, sIkuAYNs Ehdy
s`B qON Coty qoN sB qoN v`fy rUtW idAW mltIplIsItIz dw[ ieh ik, hd iek rUt hI ihldw
hY AwpxI mltIplIsItI kwiem r`Kdw hoeyAw, if&wien krdw hY hr sqr ivc mYksIml
krvf EpYx ieMtrvlz, Exy hr pOAYNt coN ijny Ehdy v`Kry rUt hn[ hor AwpW nUM id`qw hY ik
kdy nw kdy pOAYNt Awpxy ivcoN lMGdI hr ieh ieMtrvl au`qy ihlygw zrUr[ &lsrUp, iksI
⊙ dw imnIml sYt Ehdw swrw strYtm hY[ ikauNik, bwvjUd iesdy ik iek Eribt--XwxI
ik Rn × R → Rn Qly iek &lo lwien dw iemYj-- kwrtISIAn moSn dw, iek krvf
ieMtrvl qoN vI bhuq Cotw ho skdw hY, kdy nw kdy koeI Kloqw pOAYNt AwpxI hr ieMntrvl
ivc QoVw jyhw ihldw hY, qWhI sB qoN Cotw Eribts dw sYcurYitf XUixAn ijs ivc ⊙ hY
Ehdw swry dw swrw strYtm hI hY[�

44. hux ivcwrdy hW imnIml sYt koeI vI iekueySn ⊙ ∈ Rn dw[ ikauNik komplYks
kONjugyt joVy vI rUt ho skdy hn, pr rIAL rUt hI ihldy ny AwpxI pYCwx kwiem rKdy
hoey, ieh imnIml sYt ⊙ dy strYtm dI iek i&ksf &olIeySn dw p`qw hovygw[ iek Aiq
jdoN koeI rUt rIAl nhIN -- ieh n eIvn leI hI mumikx hY -- ieh ies EpYx strYtm
dI pOAYNt &olIeySn hY[ dujy pwsy jdoN swry rUt rIAl hn, qW ⊙ klozf svYlotYl dy iksI
strYtm ivc hY, qy ieh iehdI iek-p`qI &olIeySn hY[

ieh s`B nU komplYksI&weI krky ik AsIN AYNvYN rc skdy hW Cn dw koeI vI sbmYnI&olf
jo bxWdIAW hn sB iekueySnz ⊙ ijnhW dy hr mltIplIsItI dy id`qy nMbr dy rUt hn ?
kr qy skdy hW, pr AsIN komplYks twiem dy BUq nuM lKm`x ryKw dy Es pwr rKx ivc hI
isAwxp smJdy hW! msln, jy vV AwieAw qW jdoN pIrIEfIsItI dI g`l c`lU qW iekloqy
S1 dI jigh hux swry klozf 2-mYnI&olfz M2 nwl m`Qw mwrxw pau[

auqy, rIAl twiem nwl v&wdwrI inBWdy hoey hI, iblkul PG&R − V, note 28 vWg,
AsI svYlotyl dy AMdruxI swry klozf mYnI&olfz dy jnm qy ijEx nUM iek kwrtISIAx
moSn idAW bdlidAW S1-AproksImYSnz smJ skdy hW[

not kro ik AsIN Rn dy XuklIfIAx ifstYNs dI koeI vrqoN nhIN kIqI hY, isr& Ehdy
koErfInyts dy totl Erfr dI ikqI sI[ drAsl, svYlotyl dI kwrtISIAx rcxw sMkyq
kr rhI iek hor ifstYNs vl jo kwiem rihMdw hY sB ienvoluSnz Q`ly, Aqy jo pI jI AYNf
Awr dy kyeylI ifstYNiss dw krIbI hI hY ...

45. AwpW not 42 ivc purwxy AwVI α⃝ nUM α hI ilK idqw sI ikauNik Zl`q&hmI dw
koeI Kqrw nhIN sI[ hux AsIN iehnUM 1α bxw idMdy hW Aqy moAr jYnYr`lI mα dw Bwv hovygw
sbsYt swrIAW iekueySnz ⊙ ∈ Rn ijnhW dw α ∈ R rUt hY mltIplIsItI ≥ m dw[
ieh iek kofweImYnSn m dw cptw hY:- (u0, ..., un−1) ∈ mα EdoN qy EdoN hI shI hY jdoN
dj

dαj (u0 +u1α+ · · ·+un−1α
n−1 +αn) = 0 &Or El 0 ≤ j < m[ hux not kro ik ieh
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m lInIAr iekueySnz dy koAY&ISYNts dI m×m mYtirks trweyAYNgulr hY Aqy EhidAW
fweygnl trmz hn j!, 0 ≤ j < m[�

iek hor idRStIkon qoN, mα Eh Rn dw kofweImYnSn m dw cptw hY jo kspweIfl
krv nUM Ehdy pOAYNt "α" qy cuMmdw hY :- ikauNik ieh krv AYs cpty nUM n−m+ 1 vwr
ktdI hY AYs pOAYNt "α" qy[� Kws kr n−1α kspweIfl krv dI tYNjYNt lwien hY Ehdy
pOAYNt "α" qy, Aqy pOAYNt nα ieh ksp "α" hI hY[

Eh "mYksIml krvf EpYx ieMtrvlz" ijnhW dI not 43 ivc vrqoN hoeI sI EhnW dy
ey&wien spYx dI fweImYnSn ihldy rUt dI mltIplIsItI dy brwbr hY :- Agr klozf
svYlotyl dy pOAYNt ⊙ dy vDdy Erfr ivc d v`Kry rUt αj hn ijhnW dI mltIplIsItI
hY mj, qW Ehdy strYtm dw twiep hY m1 . . .mj . . .md Aqy swfy kol hY &ormUlw ⊙ =
m1α1 ∩ . . . ∩ mjαj ∩ . . . ∩ mdαd[ Kwirj krky jQ cptw ies coN iml jWdw hY Eh mj

fweImYnSnl cptw jo ey&wien spYx hY Es momYNt krv vrgI krv dw jo ⊙ vWhdw hY jdoN
AsIN isr& jQ rUt nUM ihlWdy hW EhdI mltIplIsItI mj kwiem rKdy hoey[�

qWhI, jdoN iek isMpl rUt ihldw hY qW krvf ieMtrvl drAsl isDI hY, Aqy, s`B qoN
krvf krvf ieMtrvl kspweIfl krv hI hY, A`gy ieh ieklOqI krvf ieMtrvl hY jo
duhrI ien&weynwiet hY :- ieh ies leI ik jy ihldy rUt dI mltIplIsItI n qoN G`t hY,
qW Es qoN Gt XW v`D iek KlOqw rUt zrUr hY[�

46. ik dykwrq--EhhIE dykwrq ijhdI isKyAw, ik iBx SklW qy pdwrQ isr& moSn
dy Alg Alg pRkwr hn, nUM AsIN ApxW ilAw hY--ny Kud Apxy mShUr koErfInyt AYksIs
vI AYsY ivcwrW dI iek lVI qy cldy hI l`By sn? mwlUm nhIN!

AYxIvy, hr pOAYNt x = (x1, . . . , xn) ∈ Rn ivcoN lMGdIAW hn n ryKWvW ijnhW auqy
iek hI koErfInyt bdldw hY Aqy, swry dw swrw Rn mInIml sYt hY ies spys dI koeI
AYsI kwrtISIAn moSn dw sc dYt, jdoN koeI pOAYNt ihldw hY qW iehxW n ivcoN iek lwien
auqy hI ihldw hY, Aqy kdy nW kdy hr iek lwien auqy ihldw hY[

ies rcnw dy idRStIkon qoN n ≥ 2 leI Xukilf dw mYtirk auicq nhI, ieh Rn idAW
n Kws idSWvW nU mh`qv nhIN idMdw[ hux kwrtISIAx--Bwv kudrqI--ifstYNs hY s`B qoN G`t
jo swnUM clxW pYNdw hY koeI ies qrIky nwl x qoN y q`k, i.e., |x1−y1|+ · · ·+ |xn−yn|[
ieh topolojI qW EhI idMdW hY pr jIEmYctI Alg hY, mslx, hux Aksr dy pYAYNts ivc
Axigx`q s`b qoN Coty rsqy hn[

gl eyQy nhIN mukdI, koeI EpYx konYkitf sYt U ⊂ Rn mInIml sYt hY AYsY hI koeI
kwrtISAn moSn dw jo Es q`k sIimq hY[ ikauNik U EpYx konYkitf hY rsqy hx ijhnW
au`qy iksI nW iksI AYkiss dy pYrYll cldy Aqy, hmySW U ivc rihMdy, AsI iehdy koeI
iek pOAYNt x qoN koeI dUjy y q`k phuMc skdy hW[ auplBd rsqy jo Gt gey hn, ien&Imm
jo swxU clxW pY skdw hY hux vD ho skdY : hr U dw AwpxI r`cnw nwl bMDyAw kudrqI
ifstYNs Rn dy kwrtISAx ifstYs dI rYsitRkSn nhIN hY[

pr kiQq ien&Imm vI AwpxI rcxw nwl bMDyAw U dw nOnrYlyitivsitk kwrtISAn
ifstYNs hI hY[ hr pYNfw jo AsI cldy hW Eh iek lwien qy hY jo zrUrI nhIN ik purI dI
purI U ivc hY[ jy nhIN qw AwpW nUM pYNfw mwpx leI kyeylI ifstYNs dI vrqoN krnI cwhIdI
hY, jo Eh iek XW do pOAYNts qy vI inrBr krdw hY ijQy ieh lwien U qoN bwhr clI
jWdI hY[ ieh mofIi&kySx bwd EhI ien&Imm idMdW hY swnUM AwpxI rcxw nwl bMDyAw U
dw rYlyitivsitk kwrtISAn ifstYNs[

Xwd krdy hW, homotopI twiep q`k koeI vI klozf mYnI&olf AYsw koeI U hY[ so ikxiAW
hI cIzW leI, msln dI rwm XW sIkilk kohomolojI, mynI&olf dI QW U ⊂ Rn vrq skdy
hW, jo Aksr ieh iKAwlW nUM ikqy ijAwdw srl qy kudrqI bxw idMdw hY[
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47. ipCly not A`qy jo iesqoN phlW ho irhw sI ivc AMqr ieh hY ik EdoN koErfInyts
dw totl Erfr vI ply ivc sI so kuJ nonkOmutyitv sI Eh Kyl[ ieh vrqdy hoey hI qW
hr ⊙ ∈ Rn nUM iek ifgrI n iekueySn ien x bxw idqw sI[ ijhnW dy rUtW nUM ivcwrdy
AsIN Rn dy &MfwmYNtl pwrtISn, Kws krky n-svYlotyl, nUM inhwrx lg pey sW[ iehdI
not 42 vwlI kwrtISIAn krIeySn auqoN auqoN hI ipCly not vrgI hY[ ikauNik rUtW dw sWnU
pUrw pqw nhIN ieh kuJ CupI XW kvWtwiezf jyhI hY[ pr dUjy pwsy ies iec iek mnmohk
&Icr hY jo ipCly not dI klwsIkl qsvIr ivc nhIN[ ieh qsvIr KloqI nhIN, ieh qW
cl rhI hY! Es stYfI bybI &lo Q`ly, jo nwm hY dUjw Eh mUl jmW Aqy zrb ivc irSqy dw,
jo bybI Aljbrw ny isD kIqw sI[

not 46 vrgy not 42 dI kwrtISIAn rcnw nwl bMDy hoey n-svylotyl dy rYlyitivsitk qy
non rYlyitivsitk ifstYNss nUM bybI &lo prIzrv krdw hY, drAsl &lo nUM jYnYryt krdIAW
ienvoluSnz Qly vI ieh kwiem rhMdy ny :- bMidS ik ihldw rUt αj isMpl rhy ieh nUM
αj−1 qy αj+1 g`By kYd kr idMdI hY[ koeI a < b jo ies jyl ivc hn EhnW drimAwn
nOn rYlyitivsitk pYNfw hY b−a Aqy rYlyitivsitk log

( b−αj−1

a−αj−1
× αj+1−a

αj+1−b

)
[ dUjw &ormUlw

EdoN vI km krdw hY jdoN doAW coN iek jylr ien&InItI qy clw jWdw hY[ ies krOs rySo dI
mltIpilkyitv trweIAYNgl ieniekUAYlItI -- PG&R -- dw qW pwpUs nUM vI pqw sI,
kyeylI dy log ny ieh nUM AYifitv bxw idqw[ not 39 dy iksI ienvoluSn Q`ly swry rut iksI
vI ⊙ dy rY&lYkt ho jWdy ny iek nMbr ivc[ so ieh rYsIpI ivc iesqmwl swry if&rYNiss
dw swiex hI bdldw hy, ieh donoN ifstYNiss kwiem rhMdy nY[�

ieh jIEmYtrI bVI &lYksIbl hY! svYlotyl AweIsomYtirk hY EpYx sYt U E& El
sitRktlI v`dDy n-tpl (α1, . . . , αn) ∈ Rn nwl, ivd not 46 dy U dy kwrtISIAn
ifstYNs[ &lYksIiblytI dw nmUxw ieh ik not 42 dI n ihsyAW vwlI isDI lwien dy hux
swry ihsy Alg Alg AksIs dy pYryll hn, ivd pihlw qy AwKrI ihsw ien&ynwiet[ dujy
lot, momYNt krv vWg GuMmdI smud kspweIfl krv hux jvW isDI ho geI hY[ so hux iehdy
koeI vYl fI&wienf cuMmdy hweIprplyn vgYrw nhIN, ijhnW dI vrqoN nwl AsIN iekueySnW
hl kr rhy sW[ dujy pwsy, ikauNik U konvYks hY, iehdw nOn rYlYitivisitk ifstYNs Rn dy
kwrtISAx ifstYNs dI irsitRkSn hI hY, Aqy ies dw rYlYitivisitk ifstYS nwl irSqw
l`Bx leI vI ieh hI qsvIr TIk hY[ bwie dI vy, ieh EpYx sYt U ientIrIAr hI hY
Eh cYNbr W = W 1 dw, ijhdI jYnyrlAweIzySn Wm ⊂ Rmn dI vrqoN krdy AsIN FTA
ivc Symn(Rm) dI topolojI AYnylwiez kIqI sI[

pr Ajy qk qW AsIN pUry bybI &lo XW AYkSn dy iek ihsy nUM hI q`k rhy hW! pUrw Kud
A`gy Aw jweygw jdoN AwpW projYkitv kompYktIi&kYSn dw isl slw iek kudrqI qrIky nwl
sw& sw& smJ lvWgy[ ieh hI hY eyjYNfw Agly not dw[

48. swfI rucI hY x idAW iekueySnW · · · + ajxj + · · · + a0 = 0 ivc, ijQy G`t qoN
Gt iek, pr igxqI dy hI koAY&ISYNt aj ∈ R nOnzIro hn[ ikauNik iek nonzIro nMbr
nwl zrb iekueySn nUM bdldI nhIN, swirAW iekueuSnW dI spys hY RP∞, XwxI ik spys
E& iekuvYlYNs klwiss [. . . , aj , . . . , a0] AYsy sIkvYNiss dy mltIplz dI[ iksI iekueySn
dI ifgrI dw Bwv hY sb qoN v`Fw j sc dYt aj nOnzIro hY[ swirAW iekueySnz x dIAW
ijnhW dI ifgrI ≤ n hY bxWdIAW hn rIAl projYkitv n-spys RPn, sbspys RP∞

dI jo bxWdy hn swry sIkvYNs [. . . , 0, an, . . . , aj , . . . , a0][ swirAW iekueySnW x idAW
ijnhW dI ifgrI TIk n hY Eh bxWdIAW hn Rn, sbspys RPn jo bxWdy hn swry
[. . . , 0, an, . . . , aj , . . . , a0] ivd an ̸= 0, Aqy jy ies koAY&ISYNt nUM AwpW bxw idMdy hW
an = 1 qW iml jWdI hY bweIjYkSn spys E& n-tuplz (a0, . . . an−1) nwl[
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homojYnAweIzySn ies qoN auBr dI hY : kuJ iekueysnW ⊙ ∈ RPn dI ifgrI j ies leI
hI n qoN nINvIN hY ikauNik ien&InItI EhxW dw n− j mltIplIsItI dw rUt hY:- iekueySnz
ifgrI iek Aqy zIro idAW, bxWdIAW hn RP 1 = R1∪R0, ijQy ibMdU R0 ieklOqI ifgrI
zIro dI iekueySn 1 = 0 hY, ijhdw koeI &weynwiet rUt x ∈ R nhIN, pr AsI AwKW gy
ik Ehdw ien&InItI x = ∞ rUt hY, AYkstYNiff rIAlz R∪∞ = S1 ivc[ hor brIkI
nwl, AYkstYNiff rIAlz hn Eh iekuvYlYNs klwiss [x, y] rIAl nMbrW idAW--so x ∈ R
hY [x, 1] Aqy ∞ = [1, 0]--Aqy [x, y] dw ifgrI ≤ 1 dI iekueySn a1x + a0 = 0 dw
rUt hon dw mqlb hY a1x + a0y = 0[ AYNvYN hI, swrIAW ifgrI ≤ n idAW iekueySnW
anxn + · · ·+ a0 = 0 bxWdIAW hn RPn = Rn ∪ . . .∪Rj ∪ . . .∪R0--iek projYkitv
n-spys dw sYlz ivc vIBwjn, hr fweImYnSn dw iek sYl--Aqy AYkstYNiff rIAl [x, y]
nUM EdoN rUt AwKW gy jdoN x = x, y = y sMquSt krdy hn x, y ivc ifgrI n dI homojIns
iekueySn anxn + · · · + ajxjyn−j + · · · + a0yn = 0 nUM[ ieh EdoN qy EdoN hI huMdw hY
jdoN yx − xy iekueySn dy K`by pwsy nUM qksIm krdY[ sYl Rj ivc hn swirAW iekueySnW
ifgrI j idAW, i.e., Eh swirAW ijnhW dy koAY&ISYNt an = · · · = aj+1 = 0 Aqy aj ̸= 0,
i.e., Eh ijnhW dy K`by pwsy dw &Yktr hY yn−j, i.e., Eh swirAW ijnhW dw [1, 0] = ∞
mltIplIsItI n− j dw rUt hY[�

homoijnAweIzySn EhnW iekueySnW leI fI&wiexf hY ijhnW dI ifgrI hd n hY, pr
qd, koeI kwrx nhIN ik AsI y nwl sOqylI mW dw vrqwv krIey, drAsl ieh bwl swnUM
not 39 dIAW sIimtrIz dy pvWkwry fUAl idMdw hY :- AYkstYNiff rIAlz do cwrts R
qoN bxdy hn jy AwpW iek dy koeI nOnzIro nMbr x nuM dUjy ivc iesdy rYsIprokl y nwl
icpkw idMdy hW, Aqy zIro iksI dy nUM dUjy dI ien&InItI mx lYNdy hW[ spys swirAW ifgrI
n homojIns iex x AYNf y iekueySnz anxn + · · ·+ ajxjyn−j + · · ·+ a0yn = 0, XwxI
ik, RPN nwl hI spys hY y idAW sB iekueySnz an + · · ·+ ajyn−j + · · ·+ a0yn = 0

dI ijnhW dI ifgrI ≤ n hY[ not kro ik ieh ifgrI n− j dw mqlb hY ik j sb qoN Cotw
nMbr hY sc dYt aj ̸= 0[ pvWkwry fUAl sYl vMf RPn = ∗R0 ∪ . . .∪ ∗Rn−j ∪ . . .∪ ∗Rn

dw (n− j)-sYl ∗Rn−j bxWidAW hn swirAW iekueySnW an + · · ·+ ajyn−j = 0, aj ̸= 0
iex y E& ifgrI n − j, XwxI ik ijnhW dw y = ∞, i.e., [0, 1], mltIplIsItI j
dw rUt hY[ AYkstYNiff rIAlz dy dUjy cwrt dy ir&lYkSn vI AYkt krdy hn RPn auqy
ienvolUSnz y 7→ s−y bx ky[ ieh AykSx y-ifgrI prIzrv krdw dY, XwxI ik, RPn

dw fUAl sYl sbfIvIXn[� ies AYkSx nUM vI, drAsl koeI vI cIz ijs ivc inkI
gufI Aljbrw dw isD ikqw hoeyAw Eh jmW Aqy zrb ivckwr irSqw iesqmwl huMdw hY,
nUM kudrqI hI hY ik sb lyg Aljbrw-iek hI AwKdy hn!

A`gy, AykstYNiff rIAlz dI koeI lInIAr Awiesomori&zm RPn au`qy sbstIcUSnz
nwl AYkt krdI hY A`qy EhdI &MfwmYNtl vMf nUM kwiem rKdI hY, pr doAW sYl s`bfIvIXnz
nUM ivgwV skdI hY:- AYkstYNiff rIAlz [x, y] nUM R2 idAW ErIjn ivcoN ryKWvW v`joN q`ko;
qW Awiesomori&zm dw rUp hY [x, y] 7→ [ux + ty, sx + vy], uv − st ̸= 0; Aqy RPn nUM
swirAW x, y idAW ifgrI n homojInAs iekueySnz mxdy hoey AYkSn fI&wien krdy hn
sbstIcUSnz x 7→ ux + ty, y 7→ sx + vy[ zwihr hY ik AYkstYNiff rIAl [x, y] nMvI
iekueySn dw rUt EdoN qy EdoN hI hY jd [ux+ ty, sx+ vy] purwxI dw EhI mltIplIsIty
dw rUt hY, so RPn dw &MfwmYNtl pwrtISn prIzrv krdI hY ieh bweIjYkSn[� ieQy
AsIN vrqoN kIqI sI ies q`Q dI ik ies vMf dy [n2 ] + 1 ifsjOAYNt pwrts ivc swrIAW
iekueySxW dy mltIplIsItI nwl ie`ko nMbr dy AYkstYNiff rIAl rUt hn[ kQ pwrt leI
ieh nMbr hY n− 2k, bwkI rUt k kOmplYks joVy C \R ivc hn, XwnI ik, rImwx si&Ar
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C ∪ ∞ dy srkl R ∪ ∞ dy kOmplImYNt ivc[ Xwd rhy ik, hr pwrt dw ientIrIAr
konYkitf hY qy ieh bxWidAW hn EhidAW Eh sB iekueySnW ijnhW dy isMpl AYkstYNiff
rIAl rUt hn, pr kOmplYks kOnjUgyt joVy rIpIt kr skdy ny -- dyKo AY&t &tw -- A`qy
swfw ijAwdw &ok`s pwrt k = 0 au`qy hI hY, i.e., projYkitv n-svYlotyl[

AYkstYNiff rIAlz RP 1 (XW iksI vI RPn) dy lIinAr Awiesomori&zm koErfInyts

au`qy nhIN inrBr krdy, ieh qW isr& EhnW dy mYtrIiss
[

u t
s v

]
∈ GL(2,R) idMdy

hn[ ikMauik mYtrIiss jo kuJ nhIN krdy hn fweygnl ivd AYNtrIz brwbr, ErIAYNteySn
prIzrivMg lIinAr Awiesomori&zm RP 1 hn mYtrIiss dy joVy ±A ∈ SL(2,R), A`qy
joVy iftrmInYNt −1 dy Eh jo ErIAYNtySn ault idMdy hn[ (AYNvI hI iksI n Ef leI, pr
n eIvn leI mYtrIiss ±I A`lg kOmponYNnts ivc hn, hux non-ErIAYNtybl RPn idAW
swirAW AweIsomor&zmz qy SL(n + 1,R) iek hn[) mYtrIiss SL(2,R) plyn R2 dw
eyrIAw kwiem r`KidAW hn, ies grup dw srkUlr fY&ormySn rtrYkt SO(2,R) = S1

plyn dw ifstYNs vI prIzrv krdw hY[
dobwrw, Es dy koErfInyts dw totl Erfr iksI ⊙ ∈ Rn nUM bxw idMdw hY iekUeySn

iex x E& ifgrI = n; pr ijAwdI smJdwrI ies iv`c hY ik AsI ZOr &rmweIey x dIAW
s`B iekUeySnz au`qy ijhnW dI ifgrI ≤ n hY; iehnW dI spys RPn hY vI ijAwdI sohnI,
iek klozf n-mYnI&Olf; Aqy AwpW BWp vI lYNdy hW zrUr`q rUt x = ∞ dI; homOijnweIzySn
Aqy fUAl AigAwq y Kud pRg`t ho jWdy ny ... totl Erfr - iek mors &MkSn dI
BWq - RPn nUM vMF idMdw hY sYls qy fUAl sYls ivc; ieh kwiem rihMdy hn qrqIb
nwl x 7→ ux + ty, y 7→ vy A`qy x 7→ ux, y 7→ sx + vy Q`ly; pr swirAW mYtirsies[

u t
s v

]
∈ SL(2,R) dw AYkSn doAW nUM ivgwV idMdw hY ... pr totl Erfr qoN hI

auqp`x Eh "gol vMF" -- ijhdw kQ ih`sw bxWidAW hn swirAW iekyeuSnz ⊙ ∈ RPn

ijnhW dy mltIplIsItI nwl n− 2k AYkstYNiff rIAl rUt hn -- pUrI kwiem rihMdI hY
ies AYkSn Q`ly; A`qy ijMvy AwpW Q`ly not 49 ivc dyKWgy vwikAw hI bVI "gol" hY ieh
vMf ... m`slx, Agr iekueySn dy &weynwiet rIAl rUt hn, AYkSn Gumw idMdw ieh v`Ddw
isikauNAYNs ien&InItI ivcoN; ijsqoN Xwd AWdw hY ikauibks leI vIeytw dw qrIkw : ik
ieh AYkSn bdOl`q kuJ vYsw iksI vI n leI sMBv hY?

49. rotyt krnw iekueySn ⊙ ∈ RPn nUM, ijhdy s`B rUt AYkstYNiff rIAl [x, y] hn,

bwey ±
[

cos θ sin θ
− sin θ cos θ

]
tU θ(⊙) ieh rUts a`qy ienvrs mYtirks lgwky iehnW nUM

[x cos θ − y sin θ, x sin θ + y cos θ], 0 ≤ θ < π bxw dyx dy s`mwx hY[ so jy ⊙ dy swry
rUt &weInwiet [xi, 1] A`qy isMmpl x1 < · · · < xn hn, A`qy n rotySnW θi ̸= 0 iehnW nUM
iek qoN bwd iek ieni&nYtI Bwv [1, 0] bxWdIAW hn, qW xi = − cot θi ; XwnI ik Eh
s`B rotyitf iekueySnz θ(⊙) ijnhW dI x ivc hY ifgrI n− 1 Eh hn θi(⊙)[ rotySnz
bwkI iekueySnz au`qy ikMvy AYkt krdIAW hn qoN phlW AwpW ivcwrdy hW

not 48 dI kOmplYksIi&kySn:- jy koAY&ISYNtW qy AigAwq x idAW kImqW C ivc hn
Aqy AwpW iehdI jmW qy zrb iesqmwl kr rhy hW, qW CP∞ hY spys swirAW iekueySnz
dI, CPn Eh s`B dI ijhnW dI ifgrI n XW G`t hY, A`qy Cn ijhnW dI ifgrI n hY[ so
iml jWdw hY ivBwjx CPn = Cn ∪ . . . ∪Cj ∪ . . . ∪C0 komplYks pRojYkitv n-spys dw
n+1 sYlz ivc, hr eIvn fImYnSn 0 ≤ 2j ≤ 2n dw iek[ ieh drswauNdw hY ik iehdy
ieMtIgrl kohomolojI grUp hn H2j(CPn;Z) ∼= Z[ jy hr xj nuM k`t xjyn−j XW yn−j

il`K idMdy hW ieh hI ErIAYNitf klozf 2n-mYnI&olf bx jWdw hY spys E& El homojIns
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iekueySnz iex x, y E& ifgrI n, XW swirAW y idAW E& ifgrI ≤ n[ so pvWkwry fUAl
ivBwjn CPn = ∗C0 ∪ . . . ∪ ∗Cn−j ∪ . . . ∪ ∗Cn vI iml jWdw hY ijQy ∗Cn−j spys hY
swirAW y ivc iekueySnz ijnhW dI ifgrI n− j hY[

hux koeI vI iekueySn purI &yktrAwiez ho zWdI hY ifgrI iek iekueySnz yx−xy = 0
iv`c, Bwv, koeI ⊙ ∈ CPn dy m`ltIplIsItI sihq n AykstYNiff rUt [x, y] ∈ CP 1 = S2

hn, Bwv, projYkitv komplYks n-svYlotyl dw kloX`r swrw CPn hY[ C2 idAW swirAW

Awiesomori&zmz
[

v −t
−s u

]
∈ GL(2,C) ErIAYNtySn kwiem rKidAW hn, ijhVIAW

ErIjYn coN hr komplYks lwien nUM vI prIzrv kridAW Eh hn fweygn`l ivd AYNtrIz
brwbr, so AYkstYNiff komplYks nMbrz S2 idAW Awiesomori&zmz nUM AWpW m`x skdy
hW joVy ±A ∈ SL(2,C)[ Aqy, S2 au`qy ies SL(2,C)-AYkSn dI nQ sImItirk pwvr
idMdI hY CPn au`qy s`bstIicauSnl AYkSn x 7→ ux + ty, y 7→ sx + vy[

AweIsomori&zmz AYkstYNiff komplYks nMbrw idAW ijnhW idAW mYtirisz SL(2,R) ⊂
SL(2,C) hn AYkstYNiff irAl nMbrw dy srkl S1 ⊂ S2 qy S2 \S1 dy doAW komponYNts
nUM prIzrv kridAW hn Aqy koNjUgyt joVyAW [x, 1], [x, 1] au`qy sIimtirklI AYkt kridAW
hn[ j`doN iekueySn ⊙ ∈ RPn ⊂ CPn ijsdy ieh do rUt hn Gum ky b`x jWdI hY θ(⊙) Awh
rUt b`x jWdy hn [x cos θ − sin θ, x sin θ + cos θ] = [x cos θ−sin θ

x sin θ+cos θ , 1] qy iehdw kONjugyt[
jy 0 < θ < π qW x cos θ−sin θ

x sin θ+cos θ = x ⇐⇒ x = ± i, so S2 \ S1 dw ivBwjx ho jWdw
hY kONjUgyt srkulr SO(2,R)-Eribts ivc, igrd ieh do ibNduAW [±i, 1] dy, jo rUt hn
ieklOqI RP 2 dI iekueySn x2 + y2 = 0 dy, jo t`s qoN m`s nhIN huMdI[

iehdy leI : jy n Ef hY qW AYkstYNiff irAl nMbrW S1 idAW rotySnz dw RPn au`qy
AYkSn &rI hY, pr jy n eIvn hY qW RPn dI iekueySn (x2 + y2)n/2 = 0 ies &lo dw
ieklOqw i&ksf pOAYNt hY[ A`gy ies isNgulYrItI dI ifgrI iek hY -- ijsqoN p`kw ho jWdw
hY ik n Ef leI Eeylr kYrYktrsitk e(RPn) izro hY pr eIvn n leI iek -- ikauNik
iehdy kuJ ilMk &lo prIzrv krdw hY[ AYsy koeI ilMk au`qy Ehdy Eribt &wiebr hn iek
hOp& mYp Sn−1 → CP

n−2
2 dy[ pr glob`lI swfI ieh RPn dI srklW nwl &olIeySn

koeI vI &wiebrySn qoN kw&I dUr hYy, mslx, iehdy k`spweIfl Eribt dy holonomI grup dw
Erfr swry nMbrW 0 < n− 2k ≤ n dw s`B qoN Cotw gux`j hY[ pr ies srl Aqy AwkrSk
&olIeySn -- jo Xwd idlWdI hY AYpstwien, s`lIvn, mwrgulIz Awid idAW AYsIAW pr
ikqy jitl &olIeySnz dI -- nUM AwpW Agy ivcwrWgy ikqy hor[

ivpRIq SO(2,R) ⊂ SL(2,R) dy ijhdw AYkstYNiff irAlz S1 ⊂ S2 au`qy AYkSn
tRWzitv hY, komplYksI&wief mYtririsz SO(2,C) ⊂ SL(2,C) dw rImwx si&Ar S2 au`qy
AYkSn tRWzitv nhIN : ikauNik ±i i&ksf hI rYhxdy hx BWvy AwpW cos θ Aqy sin θ nUM s`B
θ ∈ C q`k AYnyilitklI kontIinau hI kr dyvIey[ pr hux bwkI jghw B`r dyx vwly srkUlr
SO(2,R)-Eribt iek`Ty ho ies do fwiemYnSnl grup dw ieko Eribt bx jWdy hn[ XwxI
ik, [±i, 1] nuM C`f bwkI sB pOAYNt ∞ = [0.1] dy SO(2,C)-Eribt ivc hn, XwxI ik,
mYromori&k &MkSn − cot θ plyx C nUM pIrIAf π nwl S2 \±i = (C∪∞)\±i au`qy lpyt
idMdI hY:- ikauNik − cot(it) = i e

−t+et

e−t−et , so eImYjInYrI lwien θ = it,−∞ < t < ∞ dw
− cot Q`ly iemyj hY S2 = C∪∞ au`qy iek EpYx Awrk jo +i qoN vweyAw ∞ huMdI −i jWdI
hY, so ieh swry srkulr SO(2,R)-Eribts nuM ktdI hY[�

iehnW nwl imldy-juldy SL(2,R) bwry pIkwr dy ivcwr A`gy d`sdy hn ik, kWstYNts nUM
C`f koeI mYromori&k &MkSn do qoN izAwdw kImqW nhIN C`fdI, A`qy AYsy hI kuJ nIvYnlInw,
vwAYl, Ahl&orz Awid dy nqIjy vI hn bwkI dy rImwn sr&Yiss M2 ̸= S2 XW &yr
CPn, n > 1 iv`c jWdIAW holomori&k &MkSnz leI[ drA`sl keI hor nwm vI lYxy bxdy
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sn ipCly keI notW ivc jo Ajy qk mYN nhIN il`qy hn[ kuJ hd ies leI vI ik mYN qohwxUM qy
Swied Kud nUM vI izAwdw nwm lYky &zUl frwxw qy iek isDy swDy rsqy qoN izAwdw BtkwxW
nhIN cWhdw sW : ijs mukwm qy A`sI hux K`Vy hW eyQoN ik`xIAW hI suMdr QIaurIAW lMGdIAW
hn ! Eh t`pUsIAW mwrdI in`kI b`cI ipCy ipCy, iek A`q pRwcIn B`ulI r`cxw qoN c`ldy AwpW
A`j dy ieh cYrieMg kROs eyxy Awrwm nwl iesI leI phuMc gey hW ikauNik AsIN bhuq hI
kudrqI rsqw ilqw sI : pI jI AYNf Awr dI kwrtISAn hoNd A`qy pRswr iv`c pw id`qI jmW
A`qy zrb ! AYsI sYr dorwx ik`xy hI iKAwl AWdy A`qy &yr DuMdly pY jWdy hn : hyTly nots
50, ijhxW auqy mYN kMm zwrI r`KWgw, bdOlq Swied DuMdly &yr sw& ho jwx[ A`qy aumId hY
ik, aup`r vwly dI mrzI nwl, ieh sYr kuJ hor A`gy vI c`ly gI[

ky AYs srkwrIAw 30 sqMmbr 2018
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