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If K is a (finite) sirnplicial cornplex, then its i;th deleted p~·-oduct 

the cell cornplex consisting of all cells of the type e..T
1 

„. x . 
wher:-e the cYi's ar:-e nonernpty sirnplices of K with'ö""l ~ ... ~ cYP = 0. 

is 
a- • 

p 

t.Ju showed that the homotopy types: of" its: deleted pr•oducts: ar•e 
topologic.&l inv.ar·iants: of" .a s:impllcial comple>t: in f act that the above 
cell cornplex has the sarne hornotopy type as the space obtained from the 
p-f old cart es ian product of the spac e X = 1 Kj by d el et ing i ts diagonal 
points (x1 , ,xp)' x 1 = - - . = xp. 

One rnight ask whether:- the hornotopy type of the smaller cell cornplex of 
all cells ö"l :o< ••• x ö""p having pairwis:e di.s:jcrin.t factors ö""

1
's is also a 

topologi cal invariant o f K ? And even, whether thi s c el l cornpl ex has 
the sarne hornotopy type as the rf:h con.ficuraticm .s:pace o f X, i . e. the 
subspace of the p-fold product consisting of all pairwise distinct 
sequences (x1 , ,xp) of points of X= IKI ? 

The an.swer to both the.s:e que.s:tion.s: ·i.s.• ''n.o„_ 

f or:- the cas e when K is a c losed n-s irnpl ex 
afor:-eroentioned cell cornplex is empty, but 
enough, then the analogous c el l cornpl ex o f 
ernpty. 

This 

and p 
i f we 

this 

is most easily seen 

~ 2n+l. Now the 
subdivide K finely 
subdivision is not 

The object of thi.s• n.ote i.s: to show that 15en.eralization..s analo5ou.s: to the 
one-.s.· ju.s·t con.side-re-d do hold provided on.e- u.s·e.s• j oins rather than. 
product.s·: 

In fact if the simplices of the p-fold j oin K• K ar:-e denoted (a-1 , 

we' 11 1 ... ,a- ) , the r:r. 's 
p l. 

being (possibly empty) sirnplices of K, then 

show, f or:- each 1 ::S j s p, that t.he homot.opy type of" t.he s:ubcomplex 01~ K• 

1 
Hor:-e pr:-ecisely K• 

i 
copies: K of K, and (cY 

1
, 

• K denotes the join of p rnutually dis joint 

... ,ö"" ) stands f or:- the disjoin.t 
p 

1 
union. a-

1
u 

u Pa , 
1e e 

1
K being the copy in 

1
K of any simplex 8 e K : see (2.4). 

p 

1 



• K consis:ting of' .all j-wis:e dis:joint 
2 

s:equences: (a-
1 

, . . . ,a-P ) is: a 

that if a suitably topological invar·iant ot~ K. Horeover ve' 11 
defined "jth diagonal" is deleted frorn the 
same homotopy type is obtalned. 

shov 
space X. • X, then the 

Method of proof. tJu established his lemrna by ernploying a certain cell 
3 subdivision of K x ... x K. The use of joins clarifles his proof since 

this cell subdivision is the section of a pleasant simplicial 
subdivision of the sirnplicial complex K• .• K. I'Ioreover this latter 
subdivlsion admits natural generalizations vhich yield the required 
generalized tJu lemma. 

§2. Gener·alized \Yu Suhdivisions 

(2.1) As usual a simplicial complex K vill be a finite set of finite 
s ets such that l f a .s K and e :;; tY, then e ..s K, and ve "'i 11 assume the 
usual notations and terminology concernlng simpliclal complexes. 

In particular we recall that a simplicial complex L is called a steILru·· 
subdivision of K iff it is obtainable (upto sirnplicial isomorphism) from 
the latter by a sequence of operations in each of which one derives: some 
nonempty simplex tY at its bar·ycent1··e ~. i.e. replaces St(r..Y) by 
;: . b(a-). Lk (c.T). 

<2.2) lt is: unknown whet.her the binar•y r-elation o'C having a common 
s:tellal" subdivision is: t1-·ans:itive, and thus the same as the equi val enc e 
relatlon generated by these subdlvislons. 

On the other hand a fundamental theorem of H.H.A.Newman does 
identlfy this equivalence relation with that of being piecewise linearly 

homecmiorphic , i . e . o f ha v i ng a c ornrnon ceometric s:ubdivision . 
4 

However, ignoring the above shortcoming (in our knowledge) of stellar 
subdivisions, we will keep the following treatment purely combinatorial 
by assuming that all subdivi.s·ions ment-ioned belöw are stellar-, even 
though the deflnitions make sense for more general notions like 
geometric subdivisions. 

<2.3) tJe recall that, i f any two o f the s impl i c ial compl ~xes L. , where 
J. 

the index i runs over a finite set rz = {a, b, · ... } , are di.s:joint, i .e. 
have only the empty simplex in common, then the sirnplicial complex 
2 i.e. such that the intersection of any j of the ~- 's is empty. 

1 

3 Expositions of this proof are given in Hu [ 
tJe note also that the proof given in Shapiro [ ] 

and in tJu' s book 
is erroneous. 

] . 

4 
lt is easy - cf. Hudson [ ] - to further ensure that this common 

geometric subdivision be a stellar subdivision of one of the simplicial 
complexes. 
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<U. e . : e . E L . > 
1€1! 1 1 1 

is called their Join, and is denoted by+. (L.) or 
1€11 l. 

La* Lb* ... 

By the ith copy 1K of a simplicial cpmplex K we will mean the Isomorphie 
i i simplicial complex, consisting of the simplices ~ = { v: v E a}, ö E K, 

on the vertices 1v = (i,v), v E vert(K). 

In case each L. = ~(K.), the ith copy of ~ complex K., their join 
1 l. 1 

+. (L.) or L * Lb * ... will be denoted by 0· (K.) or K • Kb and 
1€11 .l. a 1€11 .l. a 

its simplices ul -•J 
1
(ö.) will be denoted by n· (er.) or (er. öb' ... ), 

S1~p 1 .l.EIT .l. a 
ö . .e K .. If all K. 's are equal to K, then this complex n· (K.) = K• K• 

.1. 1 1 1€11 .1. 

... will also sometimes be denoted by Kp 

Here P = Ti, the clo.s·ed (p-1 ')-simplex. consisting of all subsets of rr . 

More generally, given any simplicial complex B s rr, we define the B-Cold 

je.in KB oC K to be the subcomplex of J{1 consisting of all 0· (er.) such 
1€IT .l. 

that {i: ö. ~ 0} e B . 
.l. 

<2.4) Pr•opos:ition. Let lJ be a n1ap, which a.s:s:ociates: to each s:in1plicial 

complex. E havin€ vertices: 
.s·ubd·iv-i.s·ion lJ ( E) _ I f lJ i.s 

Df the type 
i 

v • 1 

(a) natur•al, i. e. F s E implies lJ(F) s lJ(E). an.d 

i a s:tellar· 

(b) p-multiplicative, i. e. (U. (K.)) n CU. (L.)) = {0 }
5 implies 

1 1 l l 

lJ((K *L )• 
1 1 

... •(K *L )) = (lJ(K
1

• 
p p 

. . . • L ) ) • 
p 

• then. lJ is dete~··mined un.iquely 
(p-1)-s·impl.ice-.s of the- ty~ v• 

by it.s re.s·triction. to all clo.s:ed 
• v. and too.:se- .:sirnplici.al .:subdi.ui.:si.ons 

lJ ( v • -· • v) can. be arbitrary. 

Pr-oof. Since any E is the union of its closed simplices a-1 • 
• cY 

p 
its subdivlsion lJ(E) will be determined if we can check that there 
unlque, and natural, way of subdividing closed ~lmpllces. 

is a 

To see this note that each factor ä=
1 

of er
1

• ... •a-P is 

0-dimensional s impl i c ial compl ex es d et errnined by) i ts 

the join of (the 

vertices v. So, 

by p-multiplicativity, u ca= • 
1 

• (i- ) 
p 

can be written uniquely as the 

join of some lJ(F)'s, where each F is a fa.ce of some v• 
5 Note that this is stronger than requiring that K1 • 

•L be disjoint. 
p 

3 

But ea.ch 



such tJ(F) ls known slnce, by naturality, lt has to be the restriction of 

the chosen subdivision of v• .. •v to this face F. 

Since a join of stellar subdivisions is a stellar subdivision of the 

join, ... •6P) is a stellar subdivision of ~1 • 

Also this procedure of subdividing closed simplices is clearly • (5" • 
p 

such that if e • •e is a face of 6
1

• 
1 • p 

• • • • a- • then its subdivision 

•e ) is a subcomplex of tJ(6 • 
p 1 

• ff. ) . 
p 

p 

Thus tJ(E) 
E. Also 
process E 

is uniquely det ermined, as above, f or any s iropl ic ial compl ex 
lt follows easily, from our description of this subdivision 
1--1> tJ(E), that it is p-multiplicative. q .e.d. 

A function tJ of the above kind \Jlll be called a gener•allzed W'u 
subdivision o'f:" 01··de1 ... p if, for any two vertices u and v, u 1--+ v induces 
an isomorphism of tJ(u• • u) with tJ(v• .. • v). Thus gene1„alized \Vu 
s:ubdivis:ions o'f:" or·der· p ar•e in one-one cor·1··espondence with s:ubdivis:ions: 
oC the clos:ed (p-1)-s:implex on the vertices {1, ,p}. 

<2.5) Cor•ollar·y. For any .s:implicial c:omplex. K, the s ·implicial complex. 

is a subdi t.)is·ion o :i i t .s: p-fo ld join K • • • • • K • 

This is the join.s uer·sion of the W'u s:ubdivis:ion of the p-fold product K 
x ... x K mentioned in §1. 

Proof. For any E on vertices of type 
i 

V, 
i 
v, following complex on vertices of the type 

tJ(E) = { ( a- ' a-1 ' rr ,-:rp): -:r{I • • • ()G" = 0. 
p 

1 :5 i ~ 

1 ~ i :::::; p 

•·" 

tJe note that E tJ ( E) ls natural and p-multlplicative. 

p, consider the 

or i = n: • 

,ff t..Ja" ) e E}. 
rr p 

Furthermore if 

E = v• •V = •Pv, then tJ(E) is saroe as the coroplex obtained by 

deriving it at the barycentre rrv of the top-dimensional simplex. 

So each tJ(E) is a stellar subdivision of E. 
tJ(K• •K) coincides with the given complex. 

The result f ollows because 
q.e.d. 

(:2.6) Cor•ollar•y. Let :'!' be the poset of all nonempty .s·ubs:ets: of rr = { 1, 
, p} und4!?-r- s Then. for any simplicial complex. K, the sünplic·ial 

COtl'tple'X. COnSiStin.€ üf all .S'ÜnpliCf?.S' n •T (ff ) Whf?Y-f? tJ° fla° t': : 0 When.et.>€">"• C.11 
(.1[€.f.' C.ll (.1[ 1 'j 

and ß are incomparable and U ""Co- ) e K for- all chains ~ s ::J>, is a 
litEo C.11 

s:tellar subdiui.s:icm o f the p-fold jo·in K • . • . • K. 

This subdivision is due to T.Bier· who was kind enough to tell roe about 

4 



it while we were discussing these questions in 1992. 

Proof. 

(2.6) Likewise let :P. be poset oC subsets of rr of cardinality ~ j or 
J 

singletons. A sirnilar description can be glven ? 

(2.7) Ue now turn our attentlon to j-fold join of a space X 

(2.8) Ue will now • establish the ~eneralized Uu lernrna stated in the 
lntroductlon. 
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