
50. zwihr hY ikxIAW cIzW hyTlIAW, mYrI notbuks ivcoN, Awrwm nwl twiep kIqIAW
jw skidAW sn tYkst ivc hI[ pr izAwdw hux A`D Bul geIAW hn mYnUM qy Swied kw&I
hor kMm mMgx[ koeI Kws qrqIb ivc vI nhIN hn ieh nukqy, A`qy kw&I AYsy vI hn ijhnW
dw isDw gixq nwl koeI Kws irSqw vI nhIN hY[ nW hI mYN iehxW nUM eyQy izAwdw sw& krx
dI koiSS hI krWgw, pr ho skdw hY ikqy hor ...

(50.01) K`bw qy s`jw bdl jWdy ny SISy ivc, ikauN nhIN bdldw Q`lw qy auqlw?
(50.02) lwien dI rY&lYkSn pOAYNt ivc, AsIN AYkstYNf kr skdy hW plyn dI ausI

pOAYNt igrd hw&‐trx nwl[ieh plyn dI ErIAYNteySn kwiem rKdI hY, ijQy ik lwien dI
ErIAYNteySn plt idMdI sI EhdI rY&lYkSn[ iKXwm dy qrIky ivc rY&lYkSnz iesqmwl
huMdIAW sn, Bwg cOQy dI ivDI ivc hon igAW A`D‐trnz[

(50.03) rIAl polInomIAlz ijnhW dy swry rUt rIAl hn (bxWdy hn Xuixn swrIAw
n‐svYlotylz dw) dI phCwx qy XunImofYlItI, srkl AYkSn so sIkilk homolojI, Swied
sIkilk iS&itMg, nybrlI trwAYNgulySnz (1983) qoN cl keI soKy rImwx hweIpOQyiss,
dyKo ivSyS qor qy ismplISIAl (ko)homolojIz (1995), pr not ies qoN inkly 1998 dy
prcy ivc A&sos swiekilk homolojI nhIN hY, jYnsn qy polIAw dw purwxw km jo dsdw
hY rImwn dw hweIpoQyiss brwbr hY keI AYsy hI soKy hweIpOQyiss dy, 2019 ivc CpyAw
zwgIAr dw iek qrIkw ijnhy kw&I AYsy soKyAW nUM SoD idqw hY, konz dw inrWqr cldw
rImwx hweIpOQyiss qy hmlw sIkilk homolojI rWhI, vgYrw[

(50.04) kOmplYksIi&kySn n‐svYlotyl dI topOlojI nUM J`t jitl kr idMdI hY, ijMvy hux
Aw&wiex dw &MfwmYNtl grup hI mwx nhIN, srjYkt krdw hY ieh n! prmutySnz dy grup
qy, 'kwrx' gwlvw QIErI dw[ ikqy srl hY rIAl n‐svYlotyl ijhnUM AwpW 'dyK' skdy hW,
qy projYkitvlI AYs qy vI S1, drAsl bybI AYkSn, qW hY[ ikqy izAwdw kudrqI hovy jy
ies qoN auqp`x sIkilk homolojIkl qrIkyAW nwl hI AwpW l`B leIey rwh EQy qk ij`Qy
i&lhwl kOmplYksI&wief bybI‐mqlb pIkwr, lY&sSYts Aqy kwhlr dw‐AYkSx hI lY
jWdw hY[mslx, iksy vI twiem ies gwhy rsqy myry hYvuf ieniekuAYlytI kOnjYkcr qy ikxy
hor AYsy msly prwpq krx dI Aws qW hY, pr sw& smJ leI myry iKAwl ivc swnUM isr&
rIAl svYlotylz qy bybI AYkSn dI vrqoN hI krxI cwhIdI hY[

(50.05) bhuq Zl`q hY Xukilf nUM A`j‐kl dy A`rQW ivc ryKw gixq smJnw[ hW, kuJ
so ku swl phlW qk jOmytr qy gixqkwr iek sn, pr hux jmYtrI gixq dw Bwg hI rih
igAw hY, qy kuJ qW ieh kihMdy vI iml jwxgy ik mYQ krx leI jmYtirk ientIauSn dI
loV nhIN! mYQ nUM AYxI &OrmlI q`kxw vI Xukilf dI hI dyx hY[ qy EhdI pMjvI ikqwb c
Xofokss dy nqIjyAW nUM fYfIkINf ny R dI Eh fY&InySn mx ilqw ijs nwl Aksr Aj idAW
rIgors AYnylyiss dIAw bukW SurU huMdIAW hn[ qy Xukilf c id`qy

√
2 nUM ierrYSnl isD

krx dy skulI qrIky qoN k`F ilqw gwaus ny ik drAsl jy koeI vI AljYbirk ientIjr
rYSnl hY qW Eh iek Awm ientIjr hY, vgYrw[

(50.06) nW isr& rUlrz, fY&InySnz rUlrW dI jmW qy zrb idAW, kylkUls vI, s`B,
Ebzrvr‐inrBr cIzW hn, ijhnW nwl ieh lokl jIv toh rhy hn globl s`cweI (Swied
krOs rYSo XW rylYitivsitk dUrI vwlI, iek s&YrIkl klozf sb‐mYnI&olf XW sIm`q EpYx
sYt dI) ijs qy XW ivc ieh v`Kry jINdy hn[ pr AsIN jIv kuJ Awpxy iek qy do fweImYnSnI
rUlrW‐‐rIAl qy kOmplYks nMbrW‐‐dy eyxy AwdI ho cu`ky hW ik Aksr sWnUM jmYtrI qy AYs
qoN inkly nMbrW dw nwqw AMfy‐murgI vwlw jwpdw hY[

(50.07) Ahl&orz lwjvwb hY kOmplYks krOs rYSoz qy qkrIbx kOmplYks sb kuJ
leI, pr hwieprieilpitk ientIgrl nhIN AYs ivc[ jo hn mYry leI AYs qoN vI ipAwrI
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gUrsw dI ikqwb ivc[ ijs nwl mMno SurU hoeyAw sI mYrw s&r, dyKo pI jI & Awr, not 5
(bweI dI vy, AYs ieko s&y qy drj pihly sq not Aj vI s`B qoN zrUrI lgdy hn mYNnUM, SyS
iehnW nUM hI sw& krx dw lMbW c`ldw X`qx hY)[ shjy gUrsw smJWdw hY gl s`cIN srl
ientIgrl

∫
dz√
1−z2

smJn dI hY ‐ dyKo dUjI vOlIaum, p`xy 50 qoN 60 qk ‐ ieh smJ Aw
igAw qW J`t p`ly pY jWdy hn swry hweIprielpitk pIrIAf[

(50.08) auprokq s&r ivc iek iekweI qW hY hI, ieko dw hY, mYrw[ Kud nUM hI smJ
qy smJw (skdw qy) irhw hW mYN : ies kwrx hI hn eyxy ilMk Awpxy hI pr`cyAW nUM! ip`Cly
ds swl dy km kwrx, mYry kdy jMvW iKMfy purwxy prcy vI hux qkrIbx Es ieko C`q Q`ly
Aw gey hn, ijs C`q leI mYN prXog krdw hW vISySn kwrtISIAx :A`gy iehdy qusIN lgw
skdy ho mYQymYitks Xw &IzIks, donoN &ryz ieko hn mYry leI! inSicq mYN dy kwrt dy nwm
dw eyQy Zl`q shwrw hI lY irhw hovWgw[ mYN koeI ivdvwn nhIN Ehdy &ls&y dw[ keI dhwky
pihlW kuJ icr hW bVw piVAw sI[ l`gyAW mYnUM TIk rsqy qy qorI sI Ehxy g`fI[ bwd c
Bul gey AsIN ieh srl rwh[ AYs Bu`lI sr`lqw dI Koj hY mYrw s&r[

(50.09) mYN ikhVy bwg dI mUlI hW! dykwrq vrgy leI vI zrUrI ho igAw lMbW AYkWq
l`Bxw ijs ivc Eh Awpxy s&r nUM TIk smJ s`ky[ drjn ku swlW qoN kIrqI, ijiqMdr,
dInyS, vIBor, Awid ny jo gixq mYnUM kdy kdWeI ByjyAw, Ehdw jvwb mYN Aksr in`Gy QYNk
XU, l`gy rho, SwbwS, Awid q`k hI sIimq r`KyAw hY[ bwvjUd iesdy ik qkrIbx swry ieh
prcy mYN pVy, qy Aksr mYNnUM ivcwr vI su`Jy jo EhnW leI lwBdwiek isD ho skdy sn[ pr
mYNnUM pqw hY AwpxI Awdq dw, ik jy mYN gl qorI qW J`t mYN Kud qur pauN, GsIt EhnW nUM
nwl, iek nMvy qy mYry leI nW‐zrUrI rwh qy[ pYryll‐prosYisMg qy mltI‐twsikMg qy C`fo,
kdy kdy EKw ho jWdw hY, 'tU vOk AYNf cIaU g`m AYt dw sym twiem'!

(50.10) 'rIienvYnitMg dw vIl' mwVI glH nhIN : qwzI A`K dy keI &weydy hn! msln,
swfIAW AY&wiex kOmplYks n‐svYlotylz, spys swrIAW ifgrI n iekueySnz ijhnW dy hn
n vKry rUt, plyn ivc n ieko jhy sdw vKry ihldy pwrtIklz dI kOn&IgurySn spys hI
hY, jo A`gy dsdw hY ik iehdw &MfwmYNtl grUpOeyf, XwxI ik Awritx dIAW gu`qW, dw isDw
nwqw hY swfI QIErI E& iekueySnz nwl[ pUrI homotopI twiep idMdy hn Es dy bryf grUp
ieh svYlotylz dI, qy AwrnOlf dw iek nqIjw pUrI kohomolojI[

(50.11) b`rxswief pYntn dI purwnI ikqwb, C`f numYrIkl qrIky, mn&I izAwdw
&OrmUly, jmW kw&I topolojI, hY swfI QIErI E& iekueySnz : AYs mUl iemwrq bgYr gwlvw
dI Ebstr`kSn QIErI mYNnUM qy cYSwier kYt dI h`sI vrgI lgdI hY!

(50.12) skUlI kvwfryitk iekueySnz vwlw ih`sw hI iemwrq dw A`q suMdr hY‐‐mObIAs
stirp, RP 2, CP 2, T 1(S2) ∼= RP 3 vgYrw‐‐qy Xwd idlwauNdw hY dUr pirnstn qoN 1969
ivc mYNnUM cMfIG`V Byjy pRo&Ysr stInrOf dy 'homvrk' dI : kuJ hor hI honI sI mYrI khwxI
EhnW dI idAwlqw bgYr[ nwl hI Xwd AWdI hY sIimtirk pwvrz auqy kuJ horW nwl ilKy
myry hmiKAwlI zIvwlXyivc dy iek suMdr prcy dI : Agr hY koeI hor jo mYry swry gixq
nUM TIk smJ skdw hY Eh Swied rwfy hI hY[

(50.13) twiem ivc dUr gixq TIk sm`Jxw vI Exw hI zrUrI hY ijnHw ik dUr bYTy
KojIAW dw[ mYry hwn dy &rYNc (qy jrmx qy ik`xy rUsI BwSw) ivc cldw qy Aksr kw&I
&Orml stwiel ivc ilKyAw gixq qW pV lYNdy sn, pr bhuq QoVy hn ijhxW gwlvw dy
ivcwrW nUM pUrw krdI, XOrdW dI "qryqy" (1870), kdy pVI hY[ FyV sO swl purwxw gixq
(bySk pVx vwly dI mW‐bolI ivc hI nW hovy) smJxw soKw qW nhIN, pr iknHw hI kuJ hY AYs
ikqwb ivc, ijMvy ik Eh pyj 380 dI QIErm, jo nhIN ikqy hor[
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(50.14) mYN KojIAW dI nYSnYlytI nhIN ilKI hY[ Dwrimk k`trpuxy qoN vI v`D ihMsw hoeI
hY, Aqy Aj vI ho rhI hY, nYSnliezm krky[ ipRQvI dI dySW ivc vMf ikxI bykudrqI,
byqukI qy B`dI hY leI pVo bweIEloijst luies Qoms dw lyK "dI ieks", EhdI ikqwb
"lwievz E& Aw sYl" (1974) iv`coN[

(50.15) ivSySn "mhwn" vI &zUl sI[ ikauNik iek qW, swry hI KojIAW dy jo mYN nwm
ilqyy hn, EhxW s`B A`q au`qm gixq ikqw hY[ dujy, mYNnUM hux AYl`rjI jI vI ho geI hY Sbd
"gryt" nwl, iehdy Awm durpRXog kwrx, dyKo sohn lwl sn E& vwso ml[

(50.16) "bt f`z dYt nOt rIifaUs XOAr rIfriSp?" iek pMjwbI ny mYNxUUM puCyAw jdoN
mY EhnUM d`syAW ik mYN hux Awpxy gixq au`qy iKAwl pMjwbI ivc hI ilKdW hW[ Agr qusIN
eyQy qk myry nwl ho qW zwihr hY ik qusIN mYry vrgy pMjwbI boldy qy pVdy gixqkwr ho[ so
qusIN do iqx p`CmI BwSWvW ivc lwzmI gixq pV skdy ho, Aqy most prObyblI iek ivc
ilK skdy ho[ pr mUL g`l ieh hY ik, jdoN qusIN mYQymYitks krdy ho‐‐XW iehdy bwry kdy
kdWeIN Awpxy vrgy iksI hor nwl g`l krdy ho‐‐qW socdy qy pMjwbI ivc hI ho[ hW zrUr,
qknIkI trmz nUM C`f, Awm vrqoN ivc Aw gey &Orx &ryz qy vrfz vI Xuz krdy ho[ bs
iesI, iksI vI pMjwbI gixqkwr leI kudrqI BwSw, ivc hI mYN ieh lyK ilK irhw hW[
A`gy mYrI koiSS rhI hY ik, jo pMjwbI nhIN jwxdy, EhnW leI iek AMgryzI trWslySn iqx
mhIxyAW ivc post kr dyvW[ drAsl, ijhnW nUM mYrw gixq pVx dw SOk hY, EhnW dI
igxqI ivc qW iezw&w hI hoeyAw hY, jdoN dI mYN pMjwbI polIsI ApxweI hY!

(50.17) &YSn XW h`kumq dI mwr nwl jo BwSw mrdI nhIN, Eh hwvI BwSw qoN q`gVI ho
jWdI hY! s`B pVy ilKy pMjwbI, mslx jo pMjwbI itRibaux purI pV qy smJ skdy hn ‐ dyKo
siv`icz AYNf i&Mgrz (F) ‐ Eh AMgryzI XkInx jwndy hn[ ieMvy hI pMjwbI jI AWeyAW
ikhMdI rhI hY ihMdI, sMsikRq, aurdU, &wrsI, qurkI, vgYrw nUM[ kvIqw qy khwxIAW qk BwSw
nUM sIimq rKnW ‐ ijMvy ky Bwrq dy "aurdU pRymI" ies nUM sIimq rKxW cWhdy hn ‐ Es BwSw
nUM bwey bwey kihx dy brwbr hY[ koeI vI qklI& nhIN hoeI mYNnUM, qy nW hI iksI hor pMjwbI
gixqkwr nUM hoxI cwihdI hY, ies q`gVI lYNgueyj ivc mYQymYitks ilKx ivc[

(50.18) gurUAW Aqy BgqW dIAW bwxI ivc Swiml r`cnWvW pMjWbI Aqy drjn qoN v`D
hor BwSWvW ivc hn, pr s`B Eh tweImW dI (ijMvyN ik bhuq G`t ibMdIAW hn gurbwxI ivc)
gurmuKI ilpI ivc[ pMjwbI BwSw vI gurmuKI Aqy hor ilpIAW ivc ilKI jWdI hY[ mslx,
iehdy SykspIAr vwrs Swh dI hIr SwhmuKI ivc hY, jo ilpI kwS mYN qy cVdy pMjwb dy
qkrIbx swry bMdy nhIN jwxdy[ dUjI swief pMjwbI BwSw Awm SwhmuKI ivc ilKI jWdI hY,
qy log gurmuKI ilpI nhIN jwxdy[

(50.19) swfIAW sB ilpIAW kw&I &onYitk hn[ jy koeI ienswn XW progrwm do jwxdw
hY, koeI qklI& nhIN honI cwhIdI iek ilpI nUM dujI bnwx ivc[ ikauNik. iesqmwl BwSw
XW qknIkI SbdW dy mqlb dw iblkul koeI rol nhIN eyQy, isr& EhhI AwvwzW dujI ilpI
ivc idKwxIAW hn[ drAsl, BwSw dw izAwdw igAwx XW spYl‐cYks, SbdkoS vgYrw qW
AYsy hlky‐&ulky AYp nUM nW isr& Bwrw pr Krwb kr dyx gy[

(50.20) SwhmuKI‐isKxw vI icrW qoN myrI ien‐try ivc hY, qy nW hI ies drmIAwn
mYnUM koeI A`CI trWsiltrySn AYp idKI hY[ hW, iek BwrI‐Brk`m progrwm A`Kr ivc hux
ieh suvIDw vI hY, pr jdoN mYN Ehdy nwl hyT ilKy SbdW dI bxweI SwhmuKI qoN vwps gurmuKI
bxweI qW AjIb hI bx gey Eh : topolojI → tU polo jI, svYlotyl → so Xlo tyl, pvWkwry
→ pvw nkwry ! pr Sukr hY QIErm → iQaUrm bx ik AweI, Swied AYs leI ik ieh
Sbd iksI pMjwbI SbdkoS ivc AYs qrW drj hY ? ieh ilMkf prcy ivc hY kuJ swl phlW
dw myrw qjrbw swfy SbdkoSW dw, qy phly ilMkf prcy ivc ik iks qrhW AsI sMBwl rhy

3

http://www.kssarkaria.org/docs/Iks.pdf
http://www.kssarkaria.org/docs/Sohn Lal son of Vaso Mall.pdf
http://www.kssarkaria.org/docs/Switches and Fingers.pdf
http://www.kssarkaria.org/docs/The Forgotten Koh-i-Noors of Ranjit Singh.pdf
http://www.kssarkaria.org/docs/A glossary of some Punjabi words.pdf


hW kuJ iksm`q nwl hI bcy qy kohInUr qoN vI kImqI rIkOrf[
(50.21) trWslySn iek BwSw qoN dujI ivc ‐ BWvy dono ieko ilpI ivc hI nw hon, Aqy

BWvy Anuvwdk doAW dw mwihr hI nw hovy ‐ EKw km ho skdw hY[ msln, hY koeI jo dy skdY
mYNnUM purw shI qrjmw Eh srkwr Kwlsw dy Kzwnw d&qr dy &wrsI isAwkq qy iSkwsqw
h`Q ivc ilKy dsqwvyzW dw jo auqly kohInUrI prcy nwl AtYcf hx?

(50.22) Xwd rKdy ik sputink qoN Jt bwd kuJ rUsI ivc ilKy gixq dy prcyAW dy
kw&I mjydwr qrjmy Cwpy sI ey AYm AYs ny, mYN qy Awpxy pMjwbI ivc ilKy gixq dy Anuvwd
dw km ies Bly Adwry qy nhIN C`fx vwlw! boirMg qy hY trWslySn krnw pr byhqr hY mYry
iKAwl ivc ik ieh km vI KojI Kud hI kr lvy[

(50.23) mYN bhuq hI A`BwrI hW lweybrrI jYnyiss dw[ mYNnU ieh gl iblkul smJ nhIN
AWdI ik jo nyk log ieh syvw hr roz hzwrW hI KojIAW dI kr rhy hn ieMtrnyt qy, EhnW
nUM iek nobl SWqI purskwr Ajy qk vI ikEN nhIN idqw igAw hY?

(50.24) auqy (50.17) ivc ilMkf prcy c hor bhuq ink‐suk vI hY! ijMvy AYs dy (T)
ivc Xwd hY iek myry purwxy qy chyqy hwier hYvuf ieniekuAYltI konjYkcr dI[ sx 2018
dsMbr ivc klweI dy blOg qy sxsxI Kbr CpI hY ik AdIprwsIqo ny ieh hux isD kr
idqw hY! fItylz qW mYN Ajy nhIN pVIAW, pr sw& hY kw&I swDx qy bl dy nwl hI FweyAW
hY krIm ny ies jitl prOblm nUM : vDweIAW qYxUM &yr jvwnW!

(50.25) julweI 22 2019 nuM AYs vYbswiet dy ds swl ho jwxgy, qy jwpdY ik bwrW
hzwr qoN vD bMdy XW bOt iehnUM ivizt kr cuky hn! bwvjUd XW &yr Swied AYs leI ik,
r`b dI bVI mihr nwl ieh Ajy vI "AMfr kOnstr`kSn" hY[

(50.26) g`pW‐S`pW mwrdy "ieiqhwskwr" vI swfy Qok ivc hn, pr myrI 1915 dy iek
ik`sy qy pVqwl qy Eh (50.20‐21) vwly kohInUrI prcy qoN sw& hY : sK`q loV hY pMjwb nUM
iek jvwn, AklmMd qy mihnqI ieiqhwskwr dI!

(50.27) pr not pvWkwry qy mYrw sYmInwr, qy Es coN inkly prcyy, is`Dw gixq‐‐nW ik
iehdI ihstrI‐‐qy km hY, km krdy gixqkwrW leI[

(50.28) mihnq qoN ielwvw sYt QIErYitk jwrgOn qy mOfrx rIgr dI imQ Bulxw vI
zrUrI hY jy AsIN iksI purwxy qoN kuJ nMvW isKxW cWhdy hW[ mslx, AYbstrYkt grUpW dI
BwSw ivc lY&t qy rwiet kozYt brwbrI dy ivcwr hn, so mYxUM XOrdW dI "qryqy" vrky 257
dI QIErm dy prU& qy Sk pYxw SUrw ho igAw[ pUry do idx bwd cwxn ipAw ik ieh brwbrI
bykudrqI BwSw kr hY, kudrqI Sbd hY sbgrUp dy Eribt, K`bw qy s`jw inrw inrBr krdw
hY ik AsIN EhI prmUtySnW dI kOmpozISn nUM ilKdy hW fg XW gf[

(50.29) AwrnOlf dI "kYtOstrO& QIErI" ivc nwl‐nwl au`qm nMvyN gixq dy hn Ehdy
ivcwr AYs jwrgOn, imQ, pvWkwry, pVx‐pVwx Awid qy[ bVI KuS iksmqI nwl cOdW swlW
qoN mYN qW AwpxI hI klws lY irhw hW‐‐ivrly hI imldy hn mOky horW dy ig`ty JwVx dy!‐‐pr
mYQ isKx‐isKwx dy ivSy qy mYrw Kud dw &ls&w qohwnUM pUrw iml jwaU hyTly ds swl pUrwxy
prcy dy s`B qoN sOKy do s`&yAW qy, pVo ientrimSn[

(50.30) 213,16 ey AYNf mYQymYitks mYry au`qm prcyAW coN hY[ iehdy ivc izkr 'nots'
mYN AwKr nhIN ilKy sn, Aqy nW hI ieh zrUrI hn iehnUM s`mJn leI[ pr ies dI idK
dy bwvjud, ieh gixq dw kw&I fIp prcw hY, qy hr gixqkwr nUM pqw hY ik gixq dy iek
p`xy nUM vI smJx leI keI vwr ikxy hI idn lZ skdy hn[

(50.31) mYQymYitks bhuq ivSwl hY, pr hY iek! auqly prcy ivc kuJ nMbr QIaurI vI
sI[ Aqy bIj gixq dw mUl mslw ivc AsIN AYs dI mobIAs bYlkonI nUM skulI Alj`bry
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nwl bMD cuky hW[ A`gy AwpW dyKWgy, ijMvy ieh khwnI c`lygI, kI eyhI prcy dI &or hw&
t`rnz tweyilMg hl krdI hY hr ifgrI cwr iekueySn nUM ieilpitk &MkSn nwl[ Aqy kuJ
AYNvy hI, mYijk kwript vwlI hr ifgrI pMj iekueySn nUM, vgYrw[

(50.32) iesI 2010 dy prcy dy AMq ivc mYN qy smJo myrI Eltr eIgo ‐ iehnW doAW
nUM C`f do in`kIAW ipAwrIAW BYxW qy iehnW qoN vI in`kw pr bhuq hI AjIbogrIb ibMg vI
hY ies srwsr s`cI Sort storI ivc ‐ mobIAs stirp dI hoNd au`qy Sk krdy krdy &yr
iek bwr mYQYmYitks dI iek mUl scweI nUM cyqy krdy hW[ qy ibMg kwrx hI jdoN ArwivMdw
ny mYnUM 2019 c puiCAw kI ik Eh ieh prcy nUM Apxy rswly Bwvxw ivc Cwp skdw hY, qW
mY ikhw hW pr SIrSk dI AYlvz E& mYQymYitks byihqr hovygw!

(50.33) myry 2008 dy AYkstrYkts 'c iek hor mjydwr khwxI sI[ iek ieskMdrIAw
dy hIro bwry, ijhny rom jwky, vrijl dI kvIqw shwry, kwrQyj dI rwxI fIfo nUM sdw leI
gixq nwl joV idqw[ Aqy ikMvy ieh khwxI juVI hY &or hw& t`rnz qy iek Cyqr&l k`fx
dy Zlq qrIky nwl vI qusI pV skdy ho iesI prcy ivcoN[

(50.34) XOrdW AwpxI 1870 dI "qryqy" dy pry&ws ivc ies Swhkwr ikqwb nUM bVI
hI hlImI nwl gwlvw dy ivcwrW qy komYNtrI dsdw hY, ds`x qoN bwd swnUM ik gwlvw ny Kud
Awpxy grupW dI iek hor nvIN AwkrSk AYplIkySn vI idqI sI[ qryqy dI qIsrI lIvr
XW pyj 253 qoN hI Suru huMdI hY gwlvw QIaurI, iekueySnz dy ieh grups nwl, Aljbirk
qy mOnofromI dono, dyKo s&w 258 qy 277[ qy &tw&t ies nvyN AwkrSk rwh, ijs qy phlW
hI qur pey sI ArmIq, kronYkr, klYbS qy keI hor, dI pUrI sYr krvWdw hY swnUM XOrdW[
kmwl dw bl idKWdw ‐ dyKo Kws kr vrky 354 qoN ies lIvr dy AMq qk ‐ ieh jvwn Eh
sB isAwxyAW dy nqIjy iek qoN bwd iek &yr grups dy nwl isD krx qoN bwd, Xkdm, pyj
380 qy, ieh hI grups iesqmwl krdw, AwKr l`B hI lYNdw hY, qrIkw iksI vI iekueySn
nUM hl krx dw hweIpreIilpitk pIrAfs rwhIN!

(50.35) kwS nhIN imlU qkrIbx auqlw kuJ vI Aj dI iksI gwlvw QIErI dI tYkst
buk ivc! pr hW, gl mMnoN, jo Aksr ieh sB bukW ivc huMdw hY, Eh sB vI hY ieh 1870
dI ikqwb ivc, isr& nhIN ilKyAw hY sYt‐QIErYitk jwrgOn ivc[

(50.36) ik`xI vwr mYN sIkvYNs ijhnW dy qkrIbx sB AYNtrIz zIro hn dI vYktr spYs
R∞ dI gl kIqI hY, pr iehdy iBx bOlz B∞ dy gyjW qoN auqpx lwbyg, bwnwK Awid idAW
sIkvYNs spYiss nUM Ajy hQ nhIN pweyAw[ s`B qoN v`fI qy kudrqI hY &rYSy dI spys F swry
rIAl sIkvYNiss dI, topOlojI E& trmvwiez kOxvrjYNs nwl[ F ivc R∞ fYNs hY:‐ koeI
sIkvYNs s ∈ F hY lIimt EhdIAW trMkySnz sn ∈ Rn dw[� F dI topOlojI nUM fI&wien
krdy trWslYSx ienvyrIAYNt ifstYNs d vI hn:‐ msln d(s, t) =

∑
2−n |sn−tn|

1+|sn−tn|[�
bySk F lOk`lI kOnvYks tI vI AYs hY ikauNik EhdI topOlojI fI&wien krdy hn sYmI nOrmz
s 7→ |sn|, bOl B∞ = {s : d(0, s) < 1} kOnvYks nhIN, ikauNik &yr Ehdw gyj nOrm hoau,
pr F dw koeI kOntInuAs nOrm nhIN:‐ q`d hoxgy nOrm 1 dy un ∈ F ijhnW dI isr& nQ
AYNtrI nOnzIro hY, pr un dI F ivc lIimt zIro hY[�

(50.37) iqx srl isDWq‐‐ieMtrmIfIeyt vYlIaU QIErm, tweIlW dI lokl i&itMg
shI, Aqy S2, R2 XW B2 dw ismplI kOnYkitf hoxw‐‐nwl hI bxw ilqIAW sx AsIN
Es 2010 dy prcy ivc rYgulr tweIilMgz (so grups) dIAW &OjW! hux AsIN isr& cWhdy
hW ik, koeI do juVvIAW tweIlW dw XunIAx simtirk hovy sWJI bWh dy AD‐ibMdU igrd,
pr, hux SuruAwqI srkl au`qy id`qy p ≥ 3 vrtyisz AwribtrrI hn[ EhI iqx isDWqw dI
vrqoN dyvy gI swxu hux, hr p dy guxj q leI, SuruAwqI fwtw nwl kOntInuAslI ihldI
AYsI tweIilMg {p, q}[ A`gy {3, 3}, {3, 6} qy {4, 4} nUM C`f ieh sB rYlyitivsitk hn.

5

http://bhavana.org.in
http://www.kssarkaria.org/docs/ExtractsAug172008.pdf


Xwix ik, iek ihldI ryfIAs c < ∞ dI ifsk B2 idAW tweIilMgz hn[
(50.38) jdoN {n, n} tweIilMg dy bIj polIgn dI iek Bujw ivAws hY qW AYs qy

gvWfn twiel AYNtIpofl hY, so ieh doAW dw joV‐‐ieMfYks do pIrIAf sbgrup dw iek
2(n− 1)‐gonl &MfwmYNtl rIjn‐‐vI S1 ivc ienskrwiebf hY[ pIrIAf hmySW koeI vI
joV idAW Awmny swmny idAW BujWvW AweIfYntI&weI krdy idMdy hn tors n = 4 leI,
jIns do dw sr&Ys n = 5, 6 leI, jIns iqn n = 7, 8 leI, vgYrw[

(50.39) jmYtirk QIErI iekueySnz dI Swied ifgrI iqx qoN hI SurU hUMdI hY qy ∞
nUM mumikx rUt mMnx qoN bwd[ Aw&wiex rIAl n‐svYlOtYl dI id`qI iekueySn dy AigAwq
rUtW nUM kyAlI‐mwpx dw kMm krdy hn jyb qoN pwey qy sB qoN Coty do nMvyN rUt ijhxW nUM AwpW
AwKWgy 0, 1 qy iqjw ∞ dUr bhuq dUr swryAW nUM sIkilklI GUmWx dw[ mobIAs jmYtrI hY
hux pUrI, mqlb skUl dIAW Eh rYsIprokl rUts vwlIAW iekueySnz vI ply ivc hn jo
Ap‐fwaux pvWkwry fUAYltI dyx igAW[ jdoN ieh spySl iekueySn nUM AsIN rIijftI vrqdy
plyn dI mobIAs jmYtrI AMdr q`kdy hW, rUtW dW (3 + n)‐gOn spYSl hY not (50.38)
dy ArQW ivc, horIzONtl ivAws iek Bujw jo hoeI[ qy jo tweIilMg idAW hw&‐trnz dy
eIvn kompozISnz qoN bxyAw ienfyks do grUp nwl qksIm dy kr sr&Ys bxdw hY Ehdw
phlw bYtI nMbr hY iekueySn qoN bxwey iek iextIgrl dI fweImYnSnl AYmibgueytI[
homolojI qoN ghW swfy kol hY iehdy koSI pIrIAfs dw vYktr byiss : AwpW kOmpIaut kr
skdy hW iehxW qoN hweIprboilk trWslySnz jo i&ks krdy hn Xuint srkl AMdr fblf
2(2 + n)‐pOlIgx, so auqlw A`Dw (3 + n)‐gOn vI, so AigAwq n rUt[

(50.40) AYs sMDrB Xwd AWdw hY A`qIXwh dw k`Qx ik horW nwl auswrI EhdI fUMgI
iexfYks QIErI drA`sl koSI iextIgrl &OrmUlw hI hY! Ehdy AwKrI p`rcyAW ivc hn
keI hor AYsy totky jo mddgwr ho skdy hn, so mYry iKAwl ivc ieh mhwn gixqkwr dy
ieh kw&I Zl`q pypr vI sMBwlx qy pVx lwiek hn[

(50.41) dUjy hIro groQYxfIk‐‐dyKo icqr‐‐dI kYnsws c ilKI blOr sw& SI& QIErI
qy Es coN inkly tohokU nUM pV bVw hONslw imlyAw :AYNvy qW mYQ mYN vI kr skdw hW! pr bwd
c pYirs nyVy Ehdy AYs jI ey jWdy cylyAW nUM smJnW vI zrUrI ho igAw EhnUM pUrw s`mJx
leI, jo mYry dUr iek`ly bYTy dy bs dw km nhIN sI[

(50.42) hor bhuq v`ryAW bwd mYry vI l`gx lg pey bur‐sur‐eIvyq dy dOry[ l`gdw sI
AwnsqIqu qoN gixq dI mihk cOigrd XwrdW dy p`qyAW ivc vI r`s geI sI! pr A&sos,
nYSnliezm dy BUq ny Es mulk nUM vI nhIN C`fyAw, kuJ vwsIAw dy phrwvy qy hI lgw id`qIAW
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pwbMdIAW[ hux nhIN sI rhy rwhq dy swDn mYry leI ieh dOry, so mYN vI Awpxy hIro vWg
AYs gixq dy mMidr qoN mMg leI mw&I[

(50.43) BUq dI inrMqr v`DdI jY jY dy Aqy dw kwrx :A`q ivrly hn b`&I sYNq mwrI dy
XuxIvrsl soljr vrgy gIq!

(50.44) dyK Aj 11/04/20 dy AWkVy qy grw& nhIN lgdw hon vwlw hY koeI kirSmw
eyQy vI‐‐isr& kuJ dyr SurU hoeI sI bmwrI d`KxI eySIAw ivc, &Ylx dI gqI EhI hY‐‐qy
Ktkw hY ExIAW mOqW dw jo 1947 dy G`lUgwry ivc hoeIAW sI, Swied 1918 dw spYinS &lU
vI tp jwx[ ieh BUqkwl ivc vI mYN duAw krdW hW rb nUM ik jo b`cxgy Eh dyS pihlW
XW Drm pihlW C`f Awpxy b`cyAW nUM isKwxgy : s`c pihlW!

(50.45) ipClw ilMk qy Agly iqx not bwd dy hn, eyQy mYN AwpxI notbuk q`kdy ieh
mYmo ilKy sn: S1‐AYkSn qoN bxI &olIeySn dy srk`lW dI spys dw spYSl iekueySnW rWhI
AYnYlyiss qy sweIkilk konz homOlojI[ kOmplYks svYlotyl dw &MfwmYNtl grup, Awritn
dIAW gu`qW[ simtirk pOlInOmIAlz nwl skIaU‐simtirk &Orm vy qy crx vWg[ kOmplyks
C`f rIAl swiekilk qrIky l`Bxw hwier hyvuf nwbrwbrI vgYrw leI izAwdw kudrqI hY
kOmplyks C`f sYlbrg vWg pUry kOmbInYtorIAl qrIky l`Bxw[

(50.46) pr ijMvyN Aksr huMdw hY AsI plwx kuJ bxWdy hW pr r`b nUM mMjUr kuJ hor hI
huMdw hY : jo ink‐suk Bwg pMjvyN bwd SyS rih igAw sI Es c hI ruiJAw irhw hW mY swl
2020 dy ieh AMq q`k, qy kuJ idx pihlW hI mYN post kIqw hY ieh kuJ AYs coN : kw&I hor
lwien ivc Aw geIAW hn kw&I hor cIzW[ pr sw& hY gixq dw ieh ivSwl nMvW nzwrw,
jo myry prcyAW nwl hux Kul igAw hY, Eh ieko kwrtISIAx dy bs dw nhIN, pr l`gI hoeI
hY i&lhwl ieh svw l`K dI &oj!

(50.47) lok`lI vI ieh nMvIN QIErI ivc bhuq idlc`sp cIzW hn, ijMvyN ikMvy kIsI vI
sweIkilk nOnzIro nwbrwbr kOmplYks nMbrW dy sIkvYNs nwl juVIAW kuJ pvWkwry dIAW
klweInIAx &MksnW ‐‐ ieh hux EtomOri&k vjdIAW &MkSnz A`j vI s`B qoN srl hY
smJxw is`Dy Ehdy 1881 dy Swhkwr km qoN ‐‐ iehnW ivcoN Eh jo ault idMdIAW hn
hweIpreIilpitk ientYgrl ijhnW dy pIrIAf AsIN Es iekueySn dy koAY&ISYNts qoN hI
l`B skdy hW ijhdy hn ieh sIkvYNs dy nMbr rUt[

(50.48) pr iekAweI hY muF qoN QIErI ivc, nW isr& auprok`q &MkSnW jvwb hY iek
bIj gixq dy mUl msly (2017) dw, Kud bw Kud swmxy Aw jWdI hY zrUrq, bxwx ivc hI
ieh &MkSnW nUM, kIsI vI plyn dy EpYx bWauNiff sYt Ω dI rYlYitivsitk jmYtrI dI, dyKo
pI jI AYNf Awr (2013), not 1[

(50.49) kuJ swl phlW mYN AwpxI mwqwjI dw gutkw pVdy not kIqw ik jpujI swihb
ivc iek qy isr& iek QW hI ibMdI dw prXog hY‐‐AMiqm pOVI dy Sbd BWfw leI‐‐BWvyN
ikxy hor Sbd vI hn AYs ivc ijhnW leI AsIN Aj‐kl ibMdI vrqdy hW[

BWfw Bwau AMimRqu iqqu Fwil]
GVIAY sbdu scI tkswl]

(50.50) jo kuJ mYN kr skyAW hW Ehdy leI mYN s`B qoN izAwdw AwBwrI hW myrI mwqwjI
BuipMdr kOr dy idqy lwf A`qy Bwau nUM[ EhnW dw jnm sO swl phlW s`x 1919 ivc Swied
17 &rvrI nUM hoeyAw sI, A`qy Eh 18 meI 1995 nUM pUry ho gey sn[ ieh rb dI mrzI
nwl Ajy cldw prcw EhnW dI Xwd nUM sm`ripq hY[

ky AYs srkwrIAw 30 sqMmbr 2018 qoN
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