August 18, 2021 : material of pp. 3-4 below is not in paper

._u,(uufhw{}ria.u. Thus V¢ ,F) is a functor — cf. & 4 opf [&] -— by means

of which we are “visualizing" the category of incidences of the

simplicial complex A.

One can play the zeta game with other algebraic geometric
visualizations of A also. For example one has the affine variety
covering V(A,F), i.e. the set G(ﬁ,F) of points of F'\ (@} whose support
belongs to A3 so J(Q,F) is the guotient nf.U(ﬁ,F) under the action of

the multiplicative subagroup F* of the field F. The definition and

computation of the zeta function of Vois analogous to that of V.

= 5 R 1 .
Theorem (2.2). Zdtt) = "_j=1 y, where
(1 — qjt) i—1
Fal o~ + et -
(1) = = F - F. = Ed_ (-1)* A e lfl «f. o ond so
3=1 Tt 3 i=j—1 3 i
= ey = )
= fi 7 Ei=ji [ j J "3

This time the singular homology of the variety over € is given by the

following (where o = ¢ is allowed and reduced homology is used).

it

- (Tk, ()32).
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Theorem (2.3). A, (VIA,C):2)

In fact V(A,C), or eguivalently its intersection Sphctaf with the unit
=2 - | —
sphere of Cn, has the homotopy tvpe of the bouguet VUEA Hkﬁtai).SL|°| !

$ Cfa Ziegler—-Zivaljevic’'s [111 who prove the analogous formula

—_— s —
Hi(V(é,E);Z) 2@ H [o|tlh&(0)=2} for the variety over [R.
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Lemma <2.1>. F. = Elf'|=5 > llk, (). ¢

The above formula (where reduced Euler characteristics of links are

o

used) follows easily from (1) and gives an analogous connection between

.

the zeta function of V and its singular homology.

Following [&46] it is useful also to think of Sphctﬂ) ~ V{A,LC) as
1 ¢

a small deleted jJoin of A with respect to the group G = § =~ C’. For

example see [7] which gives an interesting geometric application of the
Chern class of the circle bundle SphT(A) s Projc(A) (= VA, C)) 3 see

also (3.9) below. By using higher linear groups GL{(m,F) one can also

consider zetas of other affine and projective visualizations of A.
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As was observed in [11, &and later independently in [61, the
formula H. ('J(A,ER’J;Z) e . A (th, () 3Z) has the striking corollary
i oed i—|e| )
that A is Cohen-Macaulay of dimension d iff the homology of VIA,R) is

trivial in dimensions less than d. Thers is an analogous result for the

complexification Qm,q:) of the real. variety C’(A,IF:).

Theorem (3.9). A is Cohen-Macaoulay of dimension d 44 dim(ﬁi (VA,TC):C))
= c—1)'+1.|5i_d_1 jor all i (so it is zero in dimensions i < d).

o

Proof. 1If A is Cohen-Macaulay (2.3) aqives dim(ﬁi(;}(.ﬁ,{');ﬂ:)) E'a"'i—d

— . = a y T e
T4 2

=1 'Fi—d—l'

Conversely, we‘ll check by induction that for all o with |eo| = i-d one

has Ejﬂk&o') =@ for j < i-2|e|. This suffices because for |o| & i-d it
reads {_Rj(lkﬁo') = @ for j < d-|of. Thus the same calculation as above
again gives E]0|=i—d f_?:;‘d-i Ak, ) = (--|)i+'_'l.-:'i__d_l. So dim(ﬁi (V(A,E)3C))
= (—l)i-'-l'.l?i_d_1 (or a fortiori the given equality) implies that we must
have ﬁi—2|a|(”,‘i_‘.o, = @ for all o with |=| * i-d. Thus for all o with
|| z i+1-d we have ﬁj(lkﬁoﬂ) =@ for j £ i+1-2f|o|. ged.

Similar characterizations of Cohen-Macaul ayneszs can be made using small
deleted joins over any given non—trivial group G {(rather than just G =
x )

R & £7/2 or © e 81). To end this section we tl:ll'l'l now to a

characterization of Cochen—Macaul ayness via the guotient variety.



Theorem (3.9). A is Cchen-Macaulay of dimenszion d iff the Betti numbers

of VIA,L) are as given in (3.3) and (2.4). ;

Proof. To check sufficiency we will use the Bysin exact sequence of the

circle bundle G ~ Sphﬁtﬁ) Loy Frnjw(ﬁ\ = V' owhich rans

b BTN G 2 T ey BT =

2(U) - H' (V) denotes cup product with the Chern class of the

circle bundle. For V = CPd, and so for any d-dimens=ional A, this map is

Here Hi_

nonzero for all even 2 = i € 2d. Spo we must have dim(ﬁi(U(A,C);C)) <
[+ & T e | 4l o .
+ — = —_ ) = —1) B )
By _4 £ 1 (=1) Fy -1 Fi g’ (=14 By i So as in proof

of (3;9) one has eguality and A is Cohen—-Macaulay. g.e.d.

Thus for a Cohen—Macaulay A the abhove maps Ili_E(U) — Hi(V) behave
exactly like for &Pd : they are zero for i odd and have rank 1 for all
even 2 = i = 2d. We remark that (Z.9) is of interest for f-vector
theory because the second author has checked that the numbers ﬁf are

preserved under Kalai's algebraic shifting.
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€4.3) The usual functional eguation between the values at t and
tﬁl rarely holds for the zeta function ?A(q,i‘l nf the singular varieties
V(A,F). However there is often a "junctional sguation” of sorts between
its values at g and 1-g. For esample for any simplicial manifeld A with
zero Euler characteristic one has |~

e d+1 A
(%) (Z,) "(q,® = (-1) (Z,) " t1-a,® ,

, u

where CZA)'(q,t) denotes the derivative of ZA(q,t) with respect to t.

u o LA - o P
Indeed using (2.2) we get Zﬁ(q,t) =1 + Filg).t + o(t“) where F(z) = FBz
F < = S (o g
_ F'I.z + F:_,.z + Laay and by (2) =F{1=7) = £({(z),; where F(z) = sz —
= . ’ et :
fl-z o iz.z - we e So (9 is eguivalent to 1(1-q) = (1) o )y Taka
the Dehn—-Sommerville equations (8). See alsn 51 for remarks regarding

the corresponding “"Riemann hyvpothesis".
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