
-- .( \tUf \,w; J.t p·4) .... Thus V< ,F) is a functor cf. § LI of [6] by means 

of whi eh 1.-Je ilr e " V i ' '"' U i'I } j ::" j r l CJ " 11\r> r.1t.r>q11ry u/ i r1cide11ces of the 

simplicial complex t.. 

Dne can play the zeta game with other algebraic geometric 

visualizations of t. also. For e:-: ampl e one has the affine vaJ'iety 

coveri ng V< ll, F) i.e. the set V<t.,r> of points of Fn \ {0} whose support 

belongs to t.; so V<6,F> is the quoti ent of V<t.,F) under the action of 

the multiplicative subgroup F>< of the field F. The def i ni ti an and 

computation of the zeta function of V is analogous to that of V. 

Theo1··em <2. 2). z' ( t) 
L:J. 

( 1) F.1=F.1 J- J-

( 2) 

d+l 
nj=1 

f . 
J 

1 where 

i+1-j (i+l"J ( -1 ) . j . f i , and so 

r. 
l 

This time the singular homoloq y nf the variety over <C is given by the 

following Cwhere a ~ is allowed and reduced hornology is used). 

•·"' 
TheoJ'em <2. 3 }. H . c '.J < t. , <C > ; ~ > ~ m H I I < u~ . < 0.,, > ; ~ > • 

1 O'E~ i - 2 O' il 

In fact VC.t.,<C>, or equivalently its intersec~ion Sph<C<t.~ · with the unit 

n ~jaj-1 
spher-e of <C ' has the homotopy type of the bouquet V OE6 ( lht. ( a) ) . s-'-

cf. Ziegler-Zivaljevic's [11] prove the analogous formula 

H. CV<t.,IR> ;~> ~ ffi _, H. I I <lk, (o) ~~) for the variety over- !R. 
l O't:D J - 0 D 
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Lenun.a <2.1). F. 1 J-

The above formula (where reduced Euler characteristics of links are 

used) follows easily from (1) and gives an analogous connection between 
.. ·, 

the zeta function of V and its si~gular homology. 

..-... 
Following [6J it is useful also to think of SphC(~) ~ V<h,C> as 

a small deleted join of t... wi th r-espec t to the group G = s 1 ~ u:><. For 

exarnple see [7J which gives an interesting geometric application of the 

Chern cl ass of the ci rcl e bundl e Sph<C (6) ~ F'roj\[ ( f...) (= V u,, C> ) see 

also <3.9> below. By using higher- linear groups GL<m,F) one can also 

consider zetas of other affine and projective visualizations of 6. 

•·" 



As was observed in [ 1 J, c>nd 1 .=1 tpr- i ndependent 1 y in [ 6J, the 
.-· .... 

formula H. <V<l:i.,IR) ;~> ;::-: fl' H_ I I (lJ> 1 (r::-) ;Z'.) ha s the str-iking corollary 
1 UE!J. 1 - 0 J' 

that /1 i.s Cohen-l"tacaulay of dime11si.011 d i_ff the llomology of VU„,IR> i.s 

trivial in dimensions less than d. There is an analogou~ result for the 

·""·· 
comple~ification V<ä,<CJ of the rPalJ v.=1riPty VIA,~). 

Theo1-em {3.9). /\ is <:ul10n ·-·Nar-01lla\.J n{ dim• ' ll:cdon d i/f dimlH. (V(J\,<CJ:<C>> 
1 

= 
i + 1 .. , 

<-1) . F i-d-l for all i (so it is zero in dimensions i < d). 

Proof. If l:i. is Cohen- Macaulay <2.3> qives dim<IT. <V<.t.,<C> :<C>) = EI ,~ - d 
i · a ~1-

ß. „
1 

I <lk.a) 
1-.L O' .LJ. 

(1„d . ( lh O' ) 
L -1 /;_i 

i+l -EI I ·. d (-1) • )t (lk,a> a =1- u 

i +1 .···. 
<-1> .F. d 1· 1- -

Conversely, we'll check by induction that for all a with lal > i-d one 

1et1 ~ i-d i t has ß. <lk,a) = IZl for j < i-2lal. 
J il 

again gives Ljaj =i-d t' ..... d . (ZJ~ 'c--) 
..L -} Ll 

This suffices because for 

Thus the same cal cul ati on as above 

. + 1 ··::: 
<·- 1> .r- . . 

1 -· d - 1 
So d im < H . <V (L',, <C) ; <C > ) 

1 
i + 1 .• .. 

S (-1) .F. d 1 
1- -

(or ä fortiori the given equality) implies that we must 

haveß l l<Z>~.a) = !Zl-forc:\ll i-2 a L'.. 
i - d. Thus for al 1 o wi th 

?: i+1-d we have ß. (lh."a) 
J il 

0 for j < i+1-2laj. q.e.d. 

•·"' 

Si mi 1 ar characteri z ati ons of Cohen-Macaul ayness c,:;i.n be made usi ng smal 1 

deleted joins ove~ any given non-trivial group G (rather than just G 

or 
1 

~ s ) . To end this se~tion we tur-n now to a 

characterization of Cohen-Macaulayness via the quotient variety . 



„ 

Theo1•em (3.9). b. is Cohen-Nacaulay of dimen.:::-ion d iff the Betti numbers 

of V(b.,<C) are as giuen in (3.3) and {3.4). 

froof. To check suff i ci ency we ~vi 11 u~e t!ie (3y·si n e}: act sequence of the 

i-2 
Here H <V> denotes cup product i.-1i th the Chern class of the 

circle bundle. For V <l:::Pd, and so for any d-dimensional A, this map is 

nonzero for all even 2 < i < 2d. 

<l::: <l::: 
(1. 1 + ß. - 1 = 

1 - 1 

So we must have dim(H. <V<b.,<[) ;<C)) < 
1 

i +1 ..... 
(-1) .F. d 1 

]_- - So as in proof 

of (3.9) one has equality and ~ is Cohen-Macaulay. q.e.d. 

Thus for a Cohen-Macaul ay i':, · the abo ve rn a p '=· behave 

exactly like for CPd they are zero for i ~dd and have rank 1 for all 

even 2 < i :s; 2d. We remark that {3.9) is of interest for f-vector 

theory because the second author- ha.s check e d 

preserved under Kalai 's algebraic sh i fting. 

that the numbers 
1.[ 

,Gi . are 



C43> The usual fun ctiona l e qua tion betwee~ the values at t and 

-1 
t rarely holds for the zet.=1 f1.1rirf-io11 l,,<q,1) nf the singular varieties 

1.~ 

V<.6.,F>. However there i s often a "junct ional equation'' of sor-ts between 

its values at q and 1-q. For e~·:ample for any simplicial manifold 6 with 

zero Euler characteristic one has 

(9) <Z.>'<q,IZl) 
LJ. 

where <Z.6.> · <q,t) denotes the derivati ve of vü th respect to t. 

Indeed using (2.2) we get Z,<q,t) 
D. 

/'-.. ,., ,,..·..,_ "':!" 

_.-._ 2 
= 1 + F(q).t + o(t ) i.-;here F<z) 

+ F
1 

.z""- + F2 .z~· + ... ' and by < 2 > -r < 1-„ ) f ( z) ' where -f <z) 

f 1 • z + f 2· z 
2 

So ( 9) j c; rq11iv.::dP11I lo -1 (1 · q) (-l)d•-1.f(q) i. e. 

the Dehn-Sommerville equations (8). RPP F\lso [5] for rernarks regarding 

the correspondi ng "Riemann hypotltt;-s i s". 
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